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1 | Introduction

1.1 Main Ideas of Probability Theory I

This course is a continuation of Probability Theory I. In case you have not taken that course,
or in any case to summarize, you can think of the following as the main ideas and objects
introduced there.

First, measure and integration theory give us a collection of definitions and associated
basic results from analysis that, in the context of probability theory, lead to coherent and
useful notions of intuitive ideas like “random”, “uniformly at random”, “expected value”,
“convergence in distribution”, “conditional distribution”, and so forth. This level of formal-
ism can usually be avoided when dealing with discrete probability, but it can be dangerous to
try to reason about continuous probability without understanding these foundations thor-
oughly. One simple example yet that appeared quite late in the literature (around 1900) as
an illustration of such confusion is Bertrand’s paradox, which you can read about online if
you are interested. While parts of continuous probability can also be carried out less for-
mally by always using density functions, measure theory also gives us a united language
for discrete and continuous probability, and also allows us to reason easily about “hybrid”
distributions that have some point masses and some continuous parts.

Next, independence is perhaps the main structural assumption on measures that is char-
acteristic of probability theory; in measure-theoretic language this is the study of product
measures. Very many of the random varaibles we are interested in in probability theory
arise, even if they are not themselves independent, as an image of some underlying indepen-
dent random variables (such as polynomials, matrix functions, or other “simple” functions
of i.i.d. random variables).

Third, main business of classical probability theory is to prove limit theorems about
random variables: results that say that sequences of random variables Sn have some lim-
iting behavior in terms of their full distributions or summary statistics like expectations,
moments, or particular tail probabilities as n→∞. Examples include laws of large numbers,
central limit theorems, and large deviations principles. Further, we are usually interested
in Sn that somehow involve the “aggregation” of the effect of many random influences on
a single random quantity, like the main model we discuss below. This focus stems in part
from the motivation for classical probability from statistical mechanics in physics, the study
of how the aggregate behavior of many simple particles gives rise to more complicated phe-
nomena. An important parallel pursuit but one that we will only touch upon occasionally in
this course is non-asymptotic results in probability theory, which also treat large random
systems but seek instead to explicitly describe or bound properties of Sn for a given n rather
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than treating the limit as n → ∞. These two styles of analysis are complementary, and it is
useful to be comfortable with both.

Finally, the concrete model you focused on in Probability Theory 1 is the sum of inde-
pendent and identically distributed (i.i.d.) random variables, Sn =

∑n
i=1Xi for Xi drawn

i.i.d. from some distribution. Such models are also called random walks. This is an very,
very widely studied model that is an excellent place to start building probabilistic intuition
and to familiarize yourself with the main tools of probability. You may have also taken a
few steps beyond this basic model, in particular to the generalization where the Xi have dif-
ferent distributions but are still independent. These were the settings in which you should
have seen the law of large numbers, central limit theorem, Poisson limit theorem, and large
deviations inequalities, properties of the sequence of random variables (Sn)n≥0; we will very
briskly review these below.

1.2 Our Goals in Probability Theory II

The goal of this class is to take the following two important steps beyond the above top-
ics. First, we will consider more general discrete sequences of random variables whose
construction deviates in various ways from the sum-of-i.i.d. model. The following are two
important examples.

Example 1.2.1 (Martingales and functions of i.i.d. variables). The sum-of-i.i.d. model
may be reframed as the study of f(X1, . . . , Xn) for the particular function f(x1, . . . , xn) =∑n
i=1xi, the sum function. It is natural to ask how well we can understand other, in par-

ticular nonlinear, functions of i.i.d. random variables. In fact we will see that the “partial
expectations” given by

Mk = E
Xk+1,...,Xn

f(X1, . . . , Xn)

form a sequence (Mk)nk=0 that in some regards behaves similarly to the sequence (Sk)nk=0

from the sum-of-i.i.d. model. This object is called a Doob martingale; more generally,
we will see that martingales are an even more general family of random sequences to
which a large chunk of the theory of sums-of-i.i.d. can be adapted.

Example 1.2.2 (Markov chains). Generalizing in a different direction, suppose that Xi ∈
{±1}. Then, the sum-of-i.i.d. or random walk model Sn is, indeed, a random walk on the
graph formed by the integers Z, where we move to the left or to the right by one step
with a given probability. We may dispose of the arithmetic qualities of this setting and
ask more generally: what happens if we take random walks on general graphs or other
geometric objects, generated by a sequence of independent “steps” to new locations?
Again, we will see that some of the theory of sums-of-i.i.d. may be adapted to more
general random walks, which are formalized and further generalized in the theory of
Markov chains. We will see that this leads to interesting connections to graph theory
and applications to Monte Carlo methods in machine learning and scientific computing.

Second, we will move away from the discrete setting and take some initial steps in the
theory of continuous families of random variables. In particular, we will focus on general-
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izations of random walks Sn = S(n) to continuous variants (S(t))t≥0, the most important of
which is Brownian motion. More generally, this will give you a taste of the theory of random
functions on continuous domains and their various technicalities and intriguing properties;
towards the end, we will see a bit of stochastic calculus, the interaction of the ordinary cal-
culus and theory of differential equations that you are familiar with with the behavior of
functions driven by random processes. Here as in other branches of advanced probability,
it is natural to ask the same basic questions as before, the most important being: what
limit theorems can we formulate about these new objects, in our case random functions? A
notable example we will come back to is the following.

Example 1.2.3 (Donsker’s invariance principle). Suppose that Xi are i.i.d. centered ran-
dom variables with unit variance (i.e., EXi = 0 and EX2

i = 1). We have discussed above
the sum-of-i.i.d. model generated from these, Sn =

∑n
i=1Xi. We may view this as S(n),

a random function S : Z≥0 → R. Further, interpolating linearly between the values S
takes, we may extend that to a random function S : R≥0 → R, the kind of object men-
tioned above. It turns out that a certain family of renormalizations of S “converges” in
a suitable technical sense we will develop. Namely, S(ct)/

√
c “converges”, as c → ∞,

to Brownian motion—regardless of the distribution of the steps Xi! You may view this
as the “functional” analog of the central limit theorem, thus a comparably foundational
result of the theory of random functions.

1.3 Brief Technical Review

Before we start our new topics, let us briefly sketch some proof techniques and applications
of them that you should have seen in Probability Theory I. Here we will always be discussing
the sum-of-i.i.d. model Sn =

∑n
i=1Xi, for X1, X2, . . . ∼ µ i.i.d. for some probability measure µ.

Let us write c := EXi.

1.3.1 Laws of Large Numbers

A weak law of large numbers (WLLN) is a result of the form

1
n
Sn

P
------→ c,

the notation denoting convergence in probability, meaning that, for any ε > 0,

lim
n→∞

P
[∣∣∣∣ 1
n
Sn − c

∣∣∣∣ > ε] = 0.

The WLLN holds under only the very mild assumption E|Xi| <∞, which indeed is necessary
for the definition of c to make sense in the usual sense. A straightforward way to prove this
is to first show that the WLLN holds if EX2

i < ∞ by applying Chebyshev’s inequality to the
above probability. Then, the trick of truncation, replacing Xi by Yi := Xi · 1{|Xi| ≤ C} for
some large constant C , allows the condition to be relaxed as above.
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A strong law of large numbers (SLLN) is a result of the form

1
n
Sn

a.s.
----------------------------------------→ c,

the notation denoting convergence almost surely, meaning that

P
[
lim
n→∞

1
n
Sn = c

]
= 1.

Note that this is an extremely different notion on a conceptual level from convergence in
probability: convergence almost surely refers to a probability concerning the entire random
sequence (Sn)n≥0, while convergence in probability only refers to a sequence of probabilities
concerning each Sn individually. Yet, the two can sometimes be related; in particular, the
SLLN holds under the same assumption E|Xi| < ∞, and that can be proved by the methods
above along with the Borel-Cantelli lemma, an important “bridge” between properties of the
Sn individually and the entire sequence.

1.3.2 Weak Convergence and Convergence in Distribution

Before proceeding, let us introduce a common and very handy piece, though not entirely
standard, piece of terminology.

Definition 1.3.1. Let (Ω,F ,P) be a probability space and X be a random variable taking
values in some other measurable space (Σ,G), i.e., a measurable function X : Ω → Σ.a

Then, the law of X is the probability measure µ on Σ defined by

µ(A) := P(X−1(A))

for each A ∈ G. In more conventional probabilistic notation,

µ(A) = P[X ∈ A].

We denote µ = Law(X).
aMost often for us Σ is the real numbers and G their Borel σ -algebra.

It will help greatly to clarify your probabilistic thinking to internalize this notation. Law is
just a formal way to talk about “the distribution of a random variable”. Thus, if Law(X) =
Law(Y), then X and Y have the same distribution, i.e., the probabilities with which they take
various values are all the same, P[X ∈ A] = P[Y ∈ A]. If Law(X) is “close” in some sense
to Law(Y), then that should mean that P[X ∈ A] ≈ P[Y ∈ A]. The main benefit of but also
source of confusion in thinking about laws is that X and Y need not be defined on the same
probability space. For instance, central limit theorems can be viewed as saying that the law
of a random variable (a normalized sum-of-i.i.d.) is close to a Gaussian, where that Gaussian
can and should be viewed as just some other random variable on an unrelated probability
space.
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With that, you can understand that convergence in distribution is convergence of laws
of random variables, i.e., a notion of convergence of measures. One way to formalize that
notion is as follows; we focus on measures on R for the sake of simplicity.

Definition 1.3.2 (Weak convergence). Let µ1, µ2, . . . , µ∞ be probability measures on R.

We say that µn converges weakly to µ∞, denoted µn
(w)
----------------------------------→ µ∞, if, for any f : R → R

bounded and continuous, we have

lim
n→∞

∫
f dµn =

∫
f dµ∞.

If X1, X2, . . . , X∞ are random variables such that µn = Law(Xn) for each n = 1,2, . . . ,∞,
then the above condition may be written in probabilistic notation as

lim
n→∞

Ef(Xn) = Ef(X∞).

In this case, weak convergence is also called convergence in distribution of Xn to X∞,
and denoted Xn ⇒ X∞.

In my opinion, weak convergence can be a little bit less confusing than convergence in
distribution for many limit theorems you come across. The reason is that, as mentioned
before, Xn ⇒ X∞ looks like a claim about the random variables Xn, but it actually does
not depend on their coupling for different n but rather only on the individual laws of each
Xn one at a time. In particular, in statements like central limit theorems, X∞ needs to
be some Gaussian random variable, but that random variable does not (and cannot, as your
homework will show in a particular sense) have anything in particular to do with the Xn; it is
just some other unrelated Gaussian random variable “floating in space”. To avoid needing to

talk about this unusual object, I think that writing Law(Xn)
(w)
----------------------------------→N (0,1) is nicer and clearer,

where N (0,1) (or whatever limiting distribution we are interested in) is a straightforward
object—a measure—and the left-hand side of the convergence is just a sequence of other
measures.

You may have also seen weak convergence in the following equivalent form.

Proposition 1.3.3 (Part of “Portmanteau Theorem”). Let µ1, µ2, . . . , µ∞ be probability

measures on R. Then, µn
(w)
----------------------------------→ µ∞ if and only if, for all t ∈ R such that µ∞({t}) = 0,a we

have
lim
n→∞

µn((−∞, t]) = µ∞((−∞, t]).

If X1, X2, . . . , X∞ are random variables such that µn = Law(Xn) as above, then the above
is equivalent to, for any t such that P[X∞ = t] = 0, having

lim
n→∞

P[Xn ≤ t] = P[X∞ ≤ t].

The function FX(t) = P[X ≤ t] is called the distribution functions of a random variable X
(in other contexts often also the cumulative distribution function or c.d.f.), and thus this
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shows that convergence in distribution in the previous sense is equivalent to pointwise
convergence of distribution functions at all points where FX∞ is continuous.

aA point t with µ({t}) > 0 is called an atom or point mass of a measure µ.

While the definition in terms of bounded continuous functions turns out to be both
more general (since it can be generalized to very broad domains just provided they allow for
a notion of continuity, for instance arbitrary metric spaces) and often easier to work with,
the above equivalent form is comforting because it tells us that weak convergence indeed
implies “convergence of distributions” in the sense of distribution functions, which measure
concrete tail probabilities.

1.3.3 Characteristic Functions

How do we establish weak convergence? There are actually many means, but you have
probably focused on just one so far, using characteristic functions, the functions associated
to a probability measure µ or random variable X given by

φµ(t) :=
∫
exp(itx)dµ(x),

φX(t) := E exp(itX).

Remark 1.3.4. If µ has a density function ρ(x) with respect to the Lebesgue measure, then
the characteristic function is merely the Fourier transform of ρ:

φµ(t) =
∫
exp(itx)ρ(x)dx.

If you are familiar with a bit of harmonic analysis, this perspective makes the main proper-
ties of characteristic functions not so surprising.

The main important properties of the characteristic function are as follows.

Proposition 1.3.5. The characteristic function satisfies the following:

1. Law(X) = Law(Y) if and only if φX(t) = φY (t) for all t ∈ R.

2. (Lévy continuity theorem) Xn ⇒ X∞ if and only if φXn(t)→ φX∞(t) for all t ∈ R.

3. If X and Y are independent, then φX+Y (t) = φX(t)φY (t).

The point, then, is that the characteristic function on the one hand gives a tool for estab-
lishing weak convergence by establishing pointwise convergence of characteristic functions,
while also being particularly friendly with sums of independent random variables. Thus, it
is an excellent tool in particular for the sum-of-i.i.d. model.
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Example 1.3.6 (Law of large numbers). Let us sketch how to use characteristic functions
to reprove the WLLN. Let X1, X2, . . . ∼ µ be i.i.d. with finite mean and variance and let
Sn :=

∑n
i=1Xi. Then, we compute

φ 1
nSn
(t) = φ 1

nX1+···+ 1
nXn
(t)

= φ 1
nX1
(t) · · ·φ 1

nXn
(t)

=
(
φ 1

nX1
(t)
)n

=
(
E exp

(
itX1

n

))n
Now, letting ourselves be a little heuristic (it is not hard to make this step precise), take
a Taylor expansion of the exponential function inside, and by our assumption of finite
variance we have

=
(

1+ it
n
EX1 +O

(
1
n2

))n
→ exp(itEX1).

This limit is the characteristic function of the constant scalar random variable c :=
EX1. Thus, we find that 1

nSn ⇒ c, and as an exercise you may show that this implies
convergence in probability as well. Of course, the WLLN is already easy to prove by
other and more direct means, but as we will see below this is an illustrative calculation
for the general method around using characteristic functions on sum-of-i.i.d. models.

1.3.4 Central Limit Theorem

Now let X1, X2, . . . ∼ µ be i.i.d. with mean c and variance σ 2 <∞, and let Sn :=
∑n
i=1(Xi − c).

Since we are centering Sn, without loss of generality we may assume c = 0. A central limit
theorem (CLT) is a result of the form

Law
(

1√
n
Sn
)

(w)
----------------------------------→N (0, σ 2),

a weak convergence statement with meaning as discussed above.
The CLT holds just under the above assumptions, but let us review a quick proof using

characteristic functions of a version with the extra assumption that E|Xi|3 <∞. In this case,
we may mimic our proof of the WLLN above: expanding similarly, we find

φ 1√
nSn
(t) =

(
E exp

(
itX1√
n

))n
=
(

1+ it√
n
EX1 −

t2

2n
EX2

1 +O
(

1
n3/2

))n
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and using our assumption on the first two moments of X1, we have

=
(

1− σ
2t2

2n
EX2

1 +O
(

1
n3/2

))n

→ exp

(
−σ

2t2

2

)
,

which an integral calculation shows is precisely φN (0,σ2)(t).
Our next topic will be one of the many other methods of proof of limit theorems in

general and CLTs in particular. Before that, it is instructive to reflect on this proof and its
advantages and disadvantages. On the one hand, it is very short and simple, and if we take
the Lévy continuity theorem for granted, the manipulations with characteristic functions are
also quite elementary.

On the other hand, the proof has many disadvantages. First, it depends very rigidly on
the structure of the sum-of-i.i.d. model (via the special properties of characteristic functions
for independent sums) Second, it is “not probabilistic” in the sense that it operates in the
more mysterious Fourier domain without giving us intuition about the probabilistic phe-
nomena that make the CLT hold. For instance, it is hard to use this proof to give an intuitive
explanation for why the all sum-of-i.i.d. models up to mild assumptions have the same dis-
tributional limit (the universality aspect of the CLT) or for why that limit is Gaussian. And
lastly, perhaps in part for this reason, it is unclear how (though possible sometimes) to use
this proof to give quantitative bounds in the CLT, say on how far certain probabilities or
expectations are from their Gaussian limits. Next we will see a very different approach to
the CLT that addresses all of these issues, and is a useful technique in probability theory
broadly speaking, including some modern applications we will mention.

11



2 | Advanced Limit Theorems

We will next see some new ways to prove limit theorems, in particular the central and Pois-
son limit theorems and some variations thereof. To do this, we will develop two additional
ways to prove weak convergence. One may view these techniques as associated to different

test functions and assumptions on them: recall that weak convergence µn
(w)
----------------------------------→ µ∞ is defined

as having ∫
f dµn →

∫
f dµ∞

for every bounded continuous f : R → R. The “Fourier method” of characteristic func-
tions amounts to showing (in the Lévy continuity theorem) that it suffices to consider the
special test functions f(x) = exp(itx). However, as a more general principle, any “suffi-
ciently dense” family of test functions that can approximate bounded continuous functions
sufficiently well can be used in this way, and leads to a method for proving weak conver-
gence. Thus, an important aspect of weak convergence proofs is to choose to work with test
functions that are well-adapted to one’s situation.

2.1 Lindeberg Method

The first method we consider uses calculus on test functions, and thus we focus on test
functions that are smooth (so that we can take derivatives) and compactly supported (so that
those derivatives are bounded).

2.1.1 Continuity Theorem

First, let us show that there is indeed an associated “continuity theorem” yielding weak
convergence.

Lemma 2.1.1 (Weak convergence by smooth functions). Let µ1, µ2, . . . , µ∞ be probability

measures. Then, µn
(w)
----------------------------------→ µ∞ if and only if

∫
f dµn →

∫
f dµ∞ for all f smooth and

compactly supported.

Proof. One direction is immediate by definition. For the other, suppose we have the con-
vergence of integrals of smooth and compactly supported functions. Let f be bounded and
continuous, such that |f(x)| ≤ K for all x ∈ R. Fix ε,M > 0. We will take for granted that
there exists a smooth compactly supported g : R→ R such that:

12



1. |f(x)− g(x)| ≤ ε for all x ∈ [−M,M].

2. |g(x)| ≤ 2K for all x ∈ R.

Using this, we may bound by the triangle inequality∣∣∣∣∫ f dµn − ∫ f dµ∞∣∣∣∣ ≤ ∣∣∣∣∫ f dµn − ∫ g dµn∣∣∣∣+ ∣∣∣∣∫ f dµ∞ − ∫ g dµ∞∣∣∣∣+ ∣∣∣∣∫ g dµn − ∫ g dµ∞∣∣∣∣ .
Here by assumption the last term goes to zero as n→∞. For the second term, we have∣∣∣∣∫ f dµ∞ − ∫ g dµ∞∣∣∣∣ ≤ ∫

[−M,M]
|f −g|dµ∞+

∫
R\[−M,M]

|f −g|dµ∞ ≤ ε+3Kµ∞(R\ [−M,M]).

Similarly for the first term,∣∣∣∣∫ f dµn − ∫ g dµn∣∣∣∣ ≤ ε+ 3Kµn(R \ [−M,M]) = ε+ 3K(1− µn([−M,M])).

Here, we would like to control the term involving µn by something instead involving µ∞, so
that we may obtain a bound as n → ∞. We will also take for granted that there exists a
smooth compactly supported h : R→ R sandwiched between two indicator functions,

1[−M/2,M/2](x) ≤ h(x) ≤ 1[−M,M](x).

By assumption,

lim
n→∞

∫
hdµn =

∫
hdµ∞.

By bounding the left- and right-hand side using the property of h above, we find

lim inf
n→∞

µn([−M,M]) ≥ µ∞([−M/2,M/2]),

and thus

lim sup
n→∞

∣∣∣∣∫ f dµn − ∫ g dµn∣∣∣∣ ≤ ε+3K(1−µ∞([−M/2,M/2])) = ε+3K(1−µ∞(R\[−M/2,M/2])).

Putting everything together, we find

lim sup
n→∞

∣∣∣∣∫ f dµn − ∫ f dµ∞∣∣∣∣ ≤ 2ε+ 6K(1− µ∞(R \ [−M/2,M/2])).

Since this holds for all ε,M > 0, taking ε → 0 and M →∞ then gives the result.

2.1.2 Proof of Central Limit Theorem

Now we introduce the Lindeberg method and give a new proof of the central limit theorem.
We focus on the following slightly weakened version.
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Theorem 2.1.2 (Weak CLT). Let X1, X2, . . . ∼ µ be i.i.d. with EXi = c, VarXi = σ 2, and
E|Xi|3 <∞. Write Sn :=

∑n
i=1(Xi − c) and let N ∼N (0,1). Then, 1√

nSn ⇒ N .

Proof. First, note that we may assume by translating and scaling the Xi that, without loss of
generality, c = 0 and σ 2 = 1. Further, let us define R := E|Xi|3.

By Lemma 2.1.1, it suffices to show that for all f : R → R smooth and compactly sup-
ported, we have

Ef
(

1√
n
Sn
)
= Ef

(
X1 + · · · +Xn√

n

)
→ Ef(N).

The simple idea of the Lindeberg method is to observe that, if we introduce Y1, . . . , Yn ∼
N (0,1) i.i.d., then we have by basic properties of Gaussian distributions that

Law(N) = Law
(
Y1 + · · · + Yn√

n

)
.

Thus, it suffices to control the differences

∆(n) := Ef
(
X1 + · · · +Xn√

n

)
− Ef

(
Y1 + · · · + Yn√

n

)
.

Lindeberg’s method is simply to expand this into a telescoping sum where we replace
the Xi with the Yi one by one, and show that each step only incurs a small amount of error.
That is, we first expand

∆(n) =
n∑
k=1

[
Ef

(
Y1 + · · · + Yk−1 +Xk + · · · +Xn√

n

)
− Ef

(
Y1 + · · · + Yk +Xk+1 + · · · +Xn√

n

)]

=:
n∑
k=1

∆(n)k .

We now try to control the individual |∆(n)k |. Fix some k and define

Zk := Y1 + · · · + Yk−1 +Xk+1 + · · · +Xn√
n

.

Then, we may write

∆(n)k = Ef
(
Zk +

Xk√
n

)
− Ef

(
Zk +

Yk√
n

)
.

We expect to have Zk ∼ Sn, so in particular this quantity should be (typically) of order
Θ(1), while the terms involving Xk and Yk are of order O(1/

√
n). Thus, it is reasonable to

use Taylor expansion on the above expressions, which we may do since we have assumed
f is smooth. We find that, using the explicit form of the Taylor remainder, there is some
Z̃ = Z̃(Zk, Xk) such that

f
(
Zk +

Xk√
n

)
= f(Zk)+ f ′(Zk)

Xk√
n
+ 1

2
f ′′(Zk)

X2
k

n
+ 1

6
f ′′′(Z̃)

X3
k

n3/2 .
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We note, importantly, that Zk is independent of Xk. Therefore, taking expectations, using
this independence and that EXk = 0 and EX2

k = 1, and bounding the remainder term crudely,
we find ∣∣∣∣Ef (Zk + Xk√n

)
− Ef(Zk)−

1
2n

Ef ′′(Zk)
∣∣∣∣ ≤ 1

6
‖f ′′′‖L∞

R
n3/2 .

But, an identical argument also applies to the version with Yk instead of Xk, giving:∣∣∣∣Ef (Zk + Yk√
n

)
− Ef(Zk)−

1
2n

Ef ′′(Zk)
∣∣∣∣ ≤ 1

6
‖f ′′′‖L∞

R
n3/2 .

Thus, by triangle inequality we have

|∆(n)k | =
∣∣∣∣Ef (Zk + Xk√n

)
− Ef

(
Zk +

Yk√
n

)∣∣∣∣
≤ 1

3
‖f ′′′‖L∞

R
n3/2 .

Finally, since ∆(n) is a sum of n such terms, we have

|∆(n)| ≤ 1
3
‖f ′′′‖L∞R ·

1
n1/2 ,

and in particular limn→∞ |∆(n)| = 0, completing the proof.

Let us make a few additional remarks about this method and its generalizations and
applications beyond the CLT.

2.1.3 Universality

The first important quality of the Lindeberg method is that it would still have been very
useful even if we did not know that the limiting distribution of 1√

nSn was Gaussian. Even

so, we could still show, provided that EXi = EYi, EX2
i = EY 2

i , and E|Xi|3,E|Yi|3 ≤ R < ∞,
that |Ef( 1√

n
∑n
i=1Xi) − Ef( 1√

n
∑n
i=1 Yi)| Ü 1/

√
n. That is, we could prove the universality of

a limit without actually knowing what that limit is. This is often useful in more advanced
applications when one does not know what the exact limiting distribution of some random
variable is, or perhaps does not even expect it to admit a tractable description. One concrete
and very much analogous application to what we have seen is in random matrix theory,
where many such universality properties are known for, say, matrices with i.i.d. random
entries, provided that the first four moments of those entries take some fixed values (see,
e.g., [TV11]).

2.1.4 Quantitative Rates of Convergence

Also notably, the Lindeberg method provides fully explicit and non-asymptotic bounds on
|Ef( 1√

nSn)−Ef(N)| in terms of f , E|X1|3, and n. These kinds of bounds can be very useful
in applications, and also give us some information about what properties of the setting
govern the rate of convergence: in this case, we see that it is the “flatness” of f and the
light tails of the Xi that lead to faster convergence. It turns out to be possible to carry out
a similar quantitative proof for the non-smooth test function f(x) = 1{x ≤ t}, which leads
to the following useful bound on the difference of distribution functions:
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Theorem 2.1.3 (Berry-Esséen). In the setting of Theorem 2.1.2 with c = 0 and σ 2 = 1,
we have for any t ≥ 0 that∣∣∣∣P[ 1√

n
Sn ≤ t

]
− P[N ≤ t]

∣∣∣∣ ≤ (1+ E|X1|3)
1√
n
.

The basic idea is to approximate the above indicator function f(x) by a smooth function
and handle the resulting error.

Note also that the source of the 1/n1/2 error rate in n is the Taylor expansion: that we
could only match the first two terms of the expansion led to an error of (1/n1/2)3, and n
such errors led to a bound of n · (1/n1/2)3 = n1−3/2 = n−1/2. If we have EXki = ENk = EY ki
for all 0 ≤ k ≤ ` for some ` ≥ 3, then we may carry out the same argument with a Taylor
expansion of order `, and expect to get an error of n · (1/n1/2)` = n−(`−1)/2. Indeed this can
be done, both in the ordinary and Berry-Esséen CLTs:

Theorem 2.1.4 (Moment matching CLTs). Suppose in the setting of Theorem 2.1.2 with
c = 0 and σ 2 = 1 that EXki = ENk for all 0 ≤ k ≤ ` and R := E|Xi|k+1 <∞. Then, for any
smooth and compactly supported f : R→ R, for a constant C = C(f ,R), we have∣∣∣∣Ef ( 1√

n

)
− Ef(N)

∣∣∣∣ ≤ C
n(`−1)/2 .

Further, for another constant C′ = C′(R), for any t ≥ 0, we also have∣∣∣∣P[ 1√
n
Sn ≤ t

]
− P[N ≤ t]

∣∣∣∣ ≤ C′

n(`−1)/2 .

Good resources for learning more about these methods include the recent very short
paper [Ver26] as well as the more comprehensive Chapter 11 of [O’D14].

2.2 Moment Method

The next method for weak convergence we consider is based instead on polynomial test
functions. While for technical reasons this is not how we will actually prove the associated
continuity theorem below, the idea in the spirit of the above arguments is that results like
the Weierstrass approximation theorem imply that polynomials can, on bounded intervals,
approximate continuous functions arbitrarily well.

2.2.1 Continuity Theorem

Again, we first prove a general result showing that it suffices to establish convergence of
moments along with a certain regularity condition in order to show weak convergence.
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Lemma 2.2.1 (Weak convergence by moments). Suppose that X1, X2, . . . , X∞ ∈ R are
random variables with all moments finite and satisfying the following:

1. EXkn → EXk∞ for all k ≥ 0 (note that this also implies by linearity that Ep(Xn) →
Ep(X∞) for all polynomials p(x)).

2. E|X∞|k ≤ (ε(k) · k)k for all k ≥ 0, for some function ε : Z≥0 → R≥0 such that
ε(k)→ 0 as k→∞.

Then, Xn ⇒ X∞.

Example 2.2.2. It is clear that Condition 2 of the Lemma holds for any compactly sup-
ported Law(X∞). Further, we will see below results implying that it also holds for X∞
that is either Gaussian or Poisson (with any parameters).

Proof of Lemma 2.2.1. We will show that the associated characteristic functions have the
convergence φXn → φX∞ , which completes the proof by Lévy’s continuity theorem. Fix some
k ≥ 1. We then expand the characteristic functions in Taylor series of order k. For X∞, we
have,1 using that φX∞(t) = E exp(itX∞) and taking a Taylor expansion,∣∣∣∣∣∣φX∞(t)−

k∑
j=0

(it)j

j!
EXj∞

∣∣∣∣∣∣ ≤ |t|k+1

(k+ 1)!
E|X∞|k+1

and now using our assumption about the moments of X∞ and a standard bound on the
factorial,

≤ |t|k+1(
k+1
e

)k+1 (ε(k+ 1) · (k+ 1))(k+1)

= (e|t| · ε(k+ 1))k+1 .

Also by assumption, for sufficiently large n we have, say, E|Xn|k+1 ≤ 2E|X∞|k+1. Thus,
repeating the same argument, we have for such n that∣∣∣∣∣∣φXn(t)−

k∑
j=0

(it)j

j!
EXjn

∣∣∣∣∣∣ ≤ |t|k+1

(k+ 1)!
E|Xn|k+1

≤ 2
|t|k+1

(k+ 1)!
E|X∞|k+1

≤ 2 (e|t| · ε(k+ 1))k+1 .

Thus, again using the convergence of moments,

lim sup
n→∞

∣∣φXn(t)−φX∞(t)∣∣ ≤ 3 (e|t| · ε(k+ 1))k+1 ,

and by taking k → ∞ we find φXn(t) → φX∞(t), for all t ∈ R. The result then follows by
Lévy’s continuity theorem.

1See [Kle14, Lemma 15.31] for this estimate.
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We will not prove the following result, but mention it since it gives the optimal statement
of this kind. See [Bil17, Section 30] for details.

Definition 2.2.3. A probability measure µ on R is moment-determinate if all of its mo-
ments are finite and, whenever

∫
xk dν =

∫
xk dµ for another probability measure ν ,

then ν = µ.

Theorem 2.2.4. Suppose that X1, X2, . . . , X∞ ∈ R are random variables with all moments
finite and satisfying the following:

1. EXkn → EXk∞ for all k ≥ 0 (note that this also implies by linearity that Ep(Xn) →
Ep(X∞) for all polynomials p(x)).

2. Law(X∞) is moment-determinate.

Then, Xn ⇒ X∞.

Note that if X is a random variable and X1, X2, . . . are each equal to X, then Xn ⇒ X.
Since a given sequence can only converge in distribution to a random variable with a unique
law, any condition we substitute in place of Condition 2 above would have to imply moment-
determinacy. In that sense, the above result is optimal.

2.2.2 Proof of Central Limit Theorem

We will prove the following even more weakened version of the CLT here; however, by the
standard truncation argument the boundedness condition that appears here is actually with-
out loss of generality (after carrying out some initial bounds).

Theorem 2.2.5 (Very weak CLT). Let X1, X2, . . . ∼ µ be i.i.d. with EXi = c, VarXi = σ 2,
and |Xi| < R almost surely. Write Sn :=

∑n
i=1(Xi − c) and let N ∼ N (0,1). Then,

1√
nSn ⇒ N .

To prove this by the moment method, we must establish first that the Gaussian distri-
bution satisfies the regularity Condition 2 of Lemma 2.2.1, and second that the moments of

1√
nSn converge to those of N . You may show as an exercise the following characterization

of the moments of a standard Gaussian distribution, which we need for both of the above
tasks.

Definition 2.2.6 (Partitions and matchings). Let S be a finite set. A partition of S is a
collection of disjoint, non-empty S1, . . . , Sm ⊆ S such that S = S1t· · ·tSm. A matching
of S is a partition all of whose parts have size 2. We write Part(S) for the set of partitions
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of S and Match(S) for the set of matchings of S. Lastly, we define Mk := |Match([k])|
and Pk := |Part([k])|.

Proposition 2.2.7. Let N ∼N (0,1). Then, for all k ≥ 1,

ENk = Mk = #{matchings of [k]} =
{

0 if k is odd,
(k− 1)!! if k is even.

Here we use the notation (k− 1)!! = (k− 1)(k− 3) · · ·1.

In particular, we have |ENk| ≤ kk/2 for all k ≥ 1, so Lemma 2.2.1 indeed applies to the
limiting distributionN (0,1).

Proof of Theorem 2.2.5. It remains to show that E( 1√
nSn)

k → Mk for all k ≥ 0. We first
expand the left-hand side of the convergence, finding

E
(

1√
n
Sn
)k
= 1
nk/2

n∑
i1,...,ik=1

EXi1 · · ·Xik .

Let us first work on a single term of this sum. Suppose i = (i1, . . . , ik) ∈ [n]k is fixed.
Define the vector of “frequencies”, fα = #{a ∈ [k] : ia = α} for α ∈ [n]. Then, we have by
independence of the Xi that

Ei := EXi1 · · ·Xik = EXf1
1 · · ·X

fn
n = (EXf1

1 ) · · · (EX
fn
n ).

We make a few preliminary observations about these quantities:

1. If any fα = 1, then Ei = 0 since EXi = 0.

2. If all fα ∈ {0,2}, then Ei = 1 since EX2
i = 1.

3. For all i, we have |Ei| ≤ Rk since |Xi| ≤ R almost surely.

Note that the number of terms Ei with fα ∈ {0,2} for all α ∈ [n] is precisely Mk ·n(n−
1) · · · (n−k/2+1), the number of matchings of [k] times the number of ways to label each
matched pair with a different index. And, the number of terms Ei with all fα ≠ 1 and some
fα ≥ 3 is at most Pk ·n1+(k−3)/2: each such term corresponds to a partition of [k] into parts
of size at least 2 and one of which has size at least 3, with parts labelled by indices in [n].
The total number of parts is then at most 1+ (k− 3)/2, and the number of such partitions
is at most Pk, the total number of partitions. Thus, in total we find that

E
(

1√
n
Sn
)k
= 1
nk/2

∑
i∈[n]K

Ei

= Mk
n(n− 1) · · · (n− k/2+ 1)

nk/2
+O

(
PkRk

n1−(k−3)/2

nk/2

)

= Mk(1+ ok(1))+Ok
(

1√
n

)
.
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Thus, we find

lim
n→∞

E
(

1√
n
Sn
)k
= Mk = ENk

for all k ≥ 0, completing the proof.

2.2.3 Poisson Limit Theorems for Rare Events

As another application of the moment method, we study Poisson limits of integer-valued
random variables. Recall that X ∼ Pois(λ) is X ∈ Z≥0 with probability mass function

P[X = t] = exp(−t)λ
t

t!
for each t ∈ Z≥0.

We first develop some general tools for proving convergence to these distributions.
As we will see, in this case it turns out to be useful to use a slightly different polynomial

basis than before.

Definition 2.2.8 (Falling factorial polynomials). For any k ∈ Z≥0 and x ∈ R, define

xk := x(x − 1) · · · (x − k+ 1).

On the one hand, this is a polynomial in R[x] of degree k. On the other hand, if x ∈ Z≥0

then we also have the following interpretation.

Proposition 2.2.9. If x ∈ Z≥0, then xk is the number of ways to assign labels from [x]
to k objects, or equivalently

xk =
{

0 if x ≤ k− 1,
x!/(x − k)! if x ≥ k. (2.2.1)

Because these polynomials generate all of the polynomials of R[x], and in particular the
standard monomials xk are clearly linear combinations of the 1 = x0, x1, . . . , xk, we have
the following.

Proposition 2.2.10. If EXkn → EXk∞ for all k ≥ 0, then also EXkn → EX∞n for all k ≥ 0.

The following identity, which you may prove as an exercise, shows why the falling factorial
polynomials are especially well-suited to working with Poisson random variables.

Proposition 2.2.11. If X ∼ Pois(λ), then EXk = λk.

From this you may also show together with some combinatorics that Pois(λ) indeed satisfies
Condition 2 of Lemma 2.2.1, and thus that we are justified in using the moment method for
convergence to a Poisson distribution. As a result, we find:
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Corollary 2.2.12. Suppose that Xn ∈ Z≥0 are random variables such that EXkn → λk for
all k ≥ 0, for some λ > 0. Then, Xn ⇒ X∞ ∼ Pois(λ).

Finally, let us describe the quantities EXk for the kinds of random variables X that one
often encounters in such statements. We consider counting variables X, ones that count
how many of several possible events occurred. Formally, we just view X as a sum of Boolean
variables, whose probabilistic interpretation will be as the indicator functions of events. The
following is just a deterministic fact about the falling factorial.

Proposition 2.2.13. Suppose that F1, . . . , Fm ∈ {0,1}, and X =
∑m
i=1 Fi. Then,

Xk =
∑

(i1,...,ik)∈[m]
all ia distinct

Fi1 · · ·Fik .

Proof. Since X ∈ Z≥0, by (2.2.1) we have that Xk has the combinatorial interpretation of the
number of ways to assign distinct labels from [X] to k objects. The right-hand side above
clearly counts the same thing.

Corollary 2.2.14. Suppose that E1, . . . , Em are events, and X =
∑m
i=1 1Ei , the (random)

number of the Ei that occur. Then,

EXk =
∑

(i1,...,ik)∈[m]
all ia distinct

P[Ei1 ∩ · · · ∩ Eik].

Thus we have established a toolkit for proving Poisson limit theorems for random vari-
ables counting numbers of rare events that occur that merely asks us to evaluate expres-
sions of the above kind. Let us describe when we expect to be able to do this. Suppose
that Xn =

∑m
i=1 1E(n)i for some events E(n)1 , . . . , E(n)m for each n ≥ 1 and some m =m(n). We

roughly speaking expect to have Xn ⇒ X∞ ∼ Pois(λ) provided that:

1. EXn =
∑
i P[E

(n)
i ]→ λ.

2. maxi P[E
(n)
i ]� 1.

3. E(n)i are only weakly dependent.
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That is because, in this case, we should be able to argue, starting from Corollary 2.2.14, that

EXkn =
∑

(i1,...,ik)∈[m]
all ia distinct

P[E(n)i1 ∩ · · · ∩ E
(n)
ik ]

≈
∑

(i1,...,ik)∈[m]
all ia distinct

P[E(n)i1 ] · · ·P[E
(n)
ik ]

≈
∑

(i1,...,ik)∈[m]
P[E(n)i1 ] · · ·P[E

(n)
ik ]

=
 m∑
i=1

P[E(n)i ]

k
≈ λk,

as desired.
We will now see several examples where it is indeed possible to carry out such an argu-

ment precisely. These also give us a chance, after recalling the basic Poisson limit theorem,
to mention two other important models from discrete probability. For a much deeper treat-
ment of these ideas, a great reference is the book [Ald13].

2.2.4 Proof of Classical Poisson Limit Theorem

The simplest case of such Poisson limit theorems is the following result that you are proba-
bly familiar with already.

Theorem 2.2.15 (Poisson limit theorem). For any λ > 0, Bin(n, λn)
(w)
----------------------------------→ Pois(λ) as n→∞.

Proof. For each n, let F (n)1 , . . . , F (n)n ∼ Ber( λn) be i.i.d. Write Xn :=
∑n
i=1 F

(n)
i , then we have

Law(Xn) = Ber(n, λn).
By Corollary 2.2.12, it suffices to show EXkn → λk for each k ≥ 0. By Proposition 2.2.13,

we may expand this expression as

EXkn =
∑

(i1,...,ik)∈[n]
all ia distinct

EFi1 · · ·Fik

if k > n, then the sum is empty and this value is zero. Otherwise, by independence we may
factorize each term of the sum as

= 1{k ≤ n}
∑

(i1,...,ik)∈[n]
all ia distinct

(EFi1) · · · (EFik)

= 1{k ≤ n} ·nk ·
(
λ
n

)k
and so as n→∞ for any fixed k ≥ 0 we have

→ λk,

completing the proof.
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2.2.5 Application: Fixed Points of Random Permutations

Let Sym(n) := {σ : [n] → [n] bijective}, the set of permutations. By elementary com-
binatorics, |Sym(n)| = n!. We study the random variable σ = σ (n) ∼ Unif(Sym(n)). In
particular, consider the number of fixed points:

E(n)i := {σ (n)(i) = i},

Xn :=
n∑
i=1

1E(n)i

= #{i ∈ [n] : σ (n)(i) = i}.

Note that we have by symmetry

EXn =
n∑
i=1

P[E(n)i ] = n · 1
n
= 1.

Thus, the following is not surprising.

Theorem 2.2.16. Xn ⇒ X∞ ∼ Pois(1).

Proof. As before, we consider the falling factorial moments. We have by Corollary 2.2.14:

EXkn =
∑

(i1,...,ik)∈[n]
all ia distinct

P[E(n)i1 ∩ · · · ∩ E
(n)
ik ]

where the sum is empty if k > n, and otherwise

= 1{k ≤ n}
∑

(i1,...,ik)∈[n]
all ia distinct

P[σ(i1) = i1, . . . , σ(ik) = ik]

and we may enumerate the number of such σ as (n − k)!, the number of permutations of
the points other than those fixed by the above condition. Thus,

= 1{k ≤ n}
∑

(i1,...,ik)∈[n]
all ia distinct

(n− k)!
n!

= 1{k ≤ n} · n!
(n− k)! ·

(n− k)!
n!

= 1{k ≤ n}.

In particular then, for any fixed k ≥ 0, as n→∞ we have EXkn → 1, and so by Corollary 2.2.12
the proof is complete.

2.2.6 Application: Motifs in Random Graphs

The following is the foundational model of random graph theory.
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Definition 2.2.17 (Erdős-Rényi random graph). G(n,p) is the law of a random graph G
on vertex set [n], where every pair of vertices 1 ≤ i < j ≤ n are connected indepen-
dently with probability p. We write i ∼G j for the relation of adjacency in the graph G,
or just i ∼ j when the graph G is clear from context.

Note that the expected degree of any given vertex in such a graph is p(n−1) ≈ pn. Here we
focus on the sparse regime of Erdős-Rényi graphs, where this number is of constant order.
To achieve this, we take p = c

n for some constant c > 0 not changing with n.
One may study in general the number of various motifs or subgraph occurrences in

G ∼ G(n,p). We take the following simple case:

Xn := #{triangles in G} = #{1 ≤ i < j < k ≤ n : i ∼ j, i ∼ k, j ∼ k}.

We see that this case is a little different from the previous ones, in that the number of events
m we are study is not just n. Let m =

(
n
3

)
, which we may identify with the number of ways

to choose 1 ≤ i < j < k ≤ n. Write
(
[n]
3

)
for the set of such subsets {i, j, k}. Then, writing

E{i,j,k} = {i ∼ j, i ∼ k, j ∼ k}, we have

Xn =
∑

{i,j,k}∈([n]3 )
E{i,j,k}.

In particular, we have

EXn =
∑

{i,j,k}∈([n]3 )

(
c
n

)3

=
(
n
3

)
·
(
c
n

)3

→ c
3

6
.

Thus, we are not surprise to find:

Theorem 2.2.18. Xn ⇒ X∞ ∼ Pois( c
3

6 ).

We do not give a detailed proof here, but the basic idea is also a little different from
the application to random permutations. Here, it is not the case that all of the E{i,j,k} are
slightly dependent: most collections—for those triangles that do not share any edges—are
independent, while some collections—for triangles that do share an edge—are considerably
dependent. Thus, the proof amounts to showing that most collections of k triangles are
edge-disjoint, a straightforward combinatorial fact.

You may consult the survey [Wor99] for extensive further discussion of applications of
such moment methods to random graph theory, including in models with more complicated
dependencies than the simple Erdős-Rényi graph we have considered here.

2.3 Vector Limit Theorems

We now consider how one can prove limit theorems for random vectors Xn ∈ Rd. We first
develop the following very useful general tool.
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2.3.1 Cramér-Wold Device

Let us first recall a few aspects of the theory of characteristic functions for these.

Definition 2.3.1. For X ∈ Rd random and t ∈ Rd, we define the characteristic function

φX(t) := E exp(i〈t,X〉),

for the standard scalar inner product 〈t,X〉 =
∑d
i=1 tiXi.

These multivariate characteristic functions share many important properties with their uni-
variate versions, the main ones being as follows.

Proposition 2.3.2. The following hold:

• For X ,Y random vectors in Rd, Law(X) = Law(Y ) if and only if φX(t) = φY (t)
for all t ∈ Rd.

• For Xn,X∞ random vectors in Rd, Xn ⇒X∞ if and only if φXn(t) → φX∞(t) for
all t ∈ Rd.

Note here that Xn ⇒ X∞ means that Ef(Xn) → Ef(X∞) for all bounded continuous f :
Rd → R, the same exact definition as for real-valued random variables. This generality is
an important advantage of defining weak convergence (or convergence in distribution) in
terms of test functions rather than objects like distribution functions, though the latter may
appears more concrete at first.

Now, we may note that the characterizations in terms of characteristic functions can be
viewed as families of properties of the scalar random variables 〈t,X〉 independently (and
similarly for Y ,Xn, andX∞ in each statement above). Thus, through the intermediate stop
of characteristic functions we may obtain a more conceptual statement that relates multi-
variate laws and convergence in distribution to that of these scalar projections:

Corollary 2.3.3 (Cramér-Wold). The following hold in the contexts of Proposition 2.3.2:

• Law(X) = Law(Y ) if and only if Law(〈t,X〉) = Law(〈t,Y 〉) for all t ∈ Rd.

• Xn ⇒X∞ if and only if 〈t,Xn〉 ⇒ 〈t,X∞〉 for all t ∈ Rd.

2.3.2 Multivariate Central Limit Theorem

As a first application, let us prove a multivariate version of the central limit theorem.
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Definition 2.3.4 (Covariance matrix). For a random X ∈ Rd, we define its covariance
matrix to be

Cov[X] := E(X − EX)(X − EX)> = E[XX>]− (EX)(EX)> ∈ Rd×d.

Here we use linearity of expectation on expressions involving matrix algebra, which you may
check as an exercise is valid.

Let us establish a few preliminaries. First, in general, the covariance matrix characterizes
the variances of scalar projections of a random vector.

Proposition 2.3.5. Var[〈t,X〉] = t> Cov[X]t>.

Proof. Expanding from the definition of the covariance matrix, we immediately have that
t> Cov[X]t> = E(〈t,X〉 − E〈t,X〉)2, the definition of the variance.

Also, we recall the following property of Gaussian random vectors.

Proposition 2.3.6. If X ∼N (µ,Σ), then Law(Ax+ b) =N (Aµ+ b,AΣA>). In partic-
ular, Law(〈t,X〉) =N (〈µ, t〉, t>Σt).

We now state and prove the multivariate central limit theorem.

Theorem 2.3.7 (Multivariate CLT). Let X1,X2, · · · ∈ Rd be i.i.d. with µ = EXi and
Σ = Cov[Xi], with both of these expectations existing. Then,

1√
n

n∑
i=1

(Xi −µ)⇒X∞ ∼N (0,Σ).

Proof. Without loss of generality we may assume µ = 0. By Corollary 2.3.3, it suffices to
show that, for any t ∈ Rd, 1√

n
∑n
i=1〈t,Xk〉 ⇒ 〈t,X∞〉. We have that the 〈t,Xk〉 are i.i.d. with

E〈t,Xk〉 = 0 and, by Proposition 2.3.5, Var[〈t,Xk〉] = t>Σt. On the other hand, by Propo-
sition 2.3.6, we have Law(〈t,X∞〉) = N (0, t>Σt). Thus, this one-dimensional convergence
holds by the ordinary central limit theorem, completing the proof.

2.3.3 Application: χ2 Test and Statistic

We show as an application how the multivariate central limit theorem can be used to under-
stand a subtle point in statistics that you may have come across. This concerns the following
important probability measure.

Definition 2.3.8 (Multinomial distribution). Let p1, . . . , pk > 0 have
∑k
i=1pi = 1. We
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write Mult(n;p1, . . . , pk) for the law of X ∈ Zk≥0 where Xi is the number of balls in bin
i when n balls are thrown independently at random into bin i with probability pi.

We note that, if X ∼ Mult(n;p1, . . . , pk), then Law(Xi) = Bin(n,pi), so in particular
EXi = pin and VarXi = pi(1− pi)n.

The Pearson χ2 test of classical statistics involves hypothesis testing whether the out-
comes of several trials of an experiment with k possible results arose from the null hypoth-
esis of the multinomial distribution. It proposes to do this by considering the test statistic

S(X) :=
k∑
i=1

(
Xi − pin√pin

)2

.

To carry out such a hypothesis test in the style of asypmtotic statistics, we must understand
the asymptotic distribution of S(X), which is described by the following foundational re-
sult.

Theorem 2.3.9 (Pearson). Let Z1, . . . , Zk−1 ∼N (0,1) be independent. Then, in the above
setting, S(X)⇒ Z2

1 + · · · + Z2
k−1 as n→∞.

The right-hand side has the χ2 distribution with k − 1 degrees of freedom, a rather
surprising result since S(X) involves a sum of k squares. We will see in the proof how the
multivariate CLT elucidates this matter.

Proof. Let e1, . . . ,ek be the standard basis of Rk and write µ for the probability measure
drawing ei with probability pi. Then, if v1, . . . ,vn ∼ µ are i.i.d., we have Law(v1+· · ·+vn) =
Mult(n;p1, . . . , pk) (vi may be viewed as the indicator vector of the destination bin of the
ith ball in our above description of the multinomial distribution). Thus, the multinomial
distribution is merely a sum of i.i.d. random vectors with a particular distribution.

Let us apply the multivariate CLT toX(n) =
∑n
i=1 vi. To do this, we calculate the statistics

of the vi. Let us introduce p = (p1, . . . , pk) ∈ Rk. We have:

Evi = p1e1 + · · · + pkek
= p,

Covvi = Eviv>i − (Evi)(Evi)>

= p1e1e
>
1 + · · · + pkeke>k − pp>

= Diag(p)− pp>

=: Σ.

By the CLT, we then have

1√
n
(X(n) −np)⇒X(∞) ∼N (0,Σ).

Thus, we also have

S(Xn) =
k∑
i=1

(
X(n)i − pin√pin

)2

⇒
k∑
i=1

(
X(∞)i√pi

)2

= ‖Diag(p)−1/2X(∞)‖2
2.
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A Gaussian calculation gives:

Law(Diag(p)−1/2X(∞)) =N (0,Diag(p)−1/2ΣDiag(p)−1/2)
=N (0,Diag(p)−1/2(Diag(p)− pp>)Diag(p)−1/2)
=N (0,Ik − qq>),

where qi =
√pi. Note that this vector has ‖q‖2 =

∑k
i=1pi = 1, a unit vector. In particular

then, Ik − qq> is a projection matrix to a (k− 1)-dimensional subspace of Rk.
Let us write g := Diag(p)−1/2X(∞), which we have established has law Law(g) =N (0,Ik−

qq>). Now, for any orthogonal matrixQ ∈ O(k), we have ‖g‖2
2 = ‖Qg‖2

2. On the other hand,

Law(Qg) =N (0,Q(Ik − qq>)Q>) =N (0,Ik − (Qq)(Qq)>).

Choosing Q appropriately, we may in particular arrange to have Qq = ek. Thus, we have
that Law(‖g‖2

2) = Law(‖h‖2
2) for h ∼ N (0,Ik − eke>k ). In particular, ‖h‖2

2 =
∑k−1
i=1 h

2
i , where

h1, . . . , hk−1 ∼ N (0,1) are i.i.d. The above establishes that S(Xn) ⇒ ‖h‖2
2, completing the

proof.
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3 | Conditional Expectation

3.1 Motivation

Our next goal will be to develop a general measure-theoretic framework for conditional prob-
ability and expectation. The intuitive idea behind these constructions is to perform prob-
abilistic reasoning where certain random variables are “fixed” to given values while others
still fluctuate randomly, or where certain events are “fixed” to occur. Let us first review a few
elementary constructions of conditional probability and expectation that you have probably
seen before, which we will try to unify and generalize in our abstract formulation.

Example 1: Discrete Random Variables Suppose that (X, Y) ∈ X ×Y ⊂ R2 only take on
finitely many values (we could allow countably many just as well). Their joint distribution is
then specified by the probability mass function,

p(x,y) := P[X = x,Y = y].

Let us assume for the sake of simplicity that p(x,y) > 0 for all (x,y) ∈ X×Y. In this case,
the elementary notion of conditional probability is given by the definition

P[X = x | Y = y] := P[X = x,Y = y]
P[Y = y] = p(x,y)∑

x′∈X p(x′, y)
.

For any given y ∈ Y, the above is a probability measure over X. Thus, the conditional
probability is a parametric family of probability measures, or a function Y → M(X). The
associated notion of conditional expectation is given in terms of these conditional probabil-
ities by

E[X | Y = y] :=
∑
x∈X

x · P[X = x | Y = y].

This yields a number for each y ∈ Y; i.e., the “type” of this notion of conditional expectation
is a function Y → R.

Example 2: Continuous Random Variables Suppose that (X, Y) ∈ R2 instead have a
continuous joint density ρ(x,y) > 0. The conditional density on a given value of Y is then

ρ(x | Y = y) = ρ(x | y) := ρ(x,y)∫
ρ(x′, y)dx′

.
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This again is a probability density for each y ∈ Y = R, and thus may be viewed as the same
kind of object, a function Y = R → M(X), as above. Likewise, the associated conditional
expectation is

E[X | Y = y] :=
∫
xρ(x | y)dx,

which is again a function Y = R→ R.

Example 3: Events For a different example of an elementary notion of conditional expec-
tation, suppose that A and B are events and P[B] > 0. Then, the conventional definition of
conditional probability of events is

P[A | B] := P[A∩ B]
P[B]

.

Similarly, if X is a random variable, then we may define the conditional expectation on an
event as

E[X | B] := EX1B
P[B]

.

This example, while clearly similar in spirit to the above two, is suspiciously different: now
the “type” both of the conditional probability and the conditional expectation is merely that
of a single scalar, not a function. We will next concern ourselves with how to reconcile and
generalize all of these notions into one unifying setup.

3.2 Information, σ -Algebras, and Restricted Random

Variables

The way we will unite the above examples is by formalizing how to condition on a general
“collection of information”. We think of the first two examples above as our being told
the value of Y , and taking probabilities or expectations over the “remaining randomness”.
Likewise, we think of the last example as being told whether event B did or did not happen
(the formalism we recalled only talks about assuming that B did happen, but we will soon
see that it is more sensible to consider E[X | B] and E[X | Bc] as bundled together into one
object).

What will be the “collections of information” that we work with? In Kolmogorov’s foun-
dations of probability that we have been working in, this is precisely the role that σ -algebras
play, describing coherent collections of information over which we can do probability (and
the underlying measure theory).

Suppose that we are working over an underlying probability space (Ω,F ,P). Then, the
objects we will consider conditioning on are sub-σ -algebras G ⊆ F , constructing the object

“ E[X | G] ”

(We will see that focusing on conditional expectations and then defining conditional proba-
bilities in terms of those is a clearer path to take.) These represent a “partial outcome” that
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we have access to, and our conditional expectations will be over the “remaining random-
ness”; the larger G, the more of the outcome we have access to, and the less our conditional
expectation should average. We will work from the following guiding examples of what
E[X | G] should mean:

• G = {∅,Ω}: this, the smallest possible sub-σ -algebra, should represent taking expec-
tations without conditioning at all, so we expect to have E[X | G] = E[X].

• G = σ(B) = {∅, B, Bc,Ω}: this algebra represents conditioning on whether event B
happened or not, so E[X | G] should in some sense contain just the two numbers
E[X | B] and E[X | Bc].

• G = σ(Y) for a random variable Y : this algebra represents conditioning on the value
of Y , so E[X | G] should be a function from values of Y to R.

• G = F : this, the largest possible sub-σ -algebra, should represent not taking an expec-
tation at all, so we expect to have E[X | G] containing all of the information of the
value of the random variable X itself.

It remains mysterious what kind of mathematical object E[X | G] should be, since the
various “types” it needs to have for different choices of G seem quite different. However,
we will see next that there is an elegant choice that indeed captures all of these examples,
which is to take Z := E[X | G] to be a random variable, i.e., a function Z : Ω → R, which is G-
measurable. Let us understand why this is compatible with the above examples by reviewing
what G-measurability means in each case. Three of the examples are simple:

• G = {∅,Ω}: here, Z : Ω → R is G-measurable if and only if it is constant. Thus, such Z
indeed “contains” or “encodes” a single scalar value, as we expect.

• G = σ(B): here, Z : Ω → R is G-measurable if and only if Z(ω) = b when ω ∈ B and
Z(ω) = c when ω ∈ Bc , for some b, c ∈ R. Thus again this definition is compatible
with the above, containing exactly two scalar values.

• G = F : here, any random variable Z is G = F -measurable by definition. Indeed, we
will see that here it is sensible to take Z = X, so that the expectation “conditional on
everything” has no effect on a random variable.

The last case G = σ(Y) is trickier: recall that here we hope that an G-measurable random
variable will be a function of values of Y . This is true by an important but seldom mentioned
result of measure theory:

Lemma 3.2.1 (Doob-Dynkin). If Y : Ω → R is a random variable and Z : Ω → R is σ(Y)-
measurable, then there exists an f : R→ R Borel-measurable such that Z(ω) = f(Y(ω))
for all ω ∈ Ω.

Thus we are in luck and indeed a G = σ(Y)-measurable Z contains precisely the information
of a function of values of Y .

We have arrived at a proposal for what type of object Z = E[X | G] should be: a G-
measurable random variable on the same space that X is defined on. Now let us see how we
can specify what such a Z should be.
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3.3 Characterizing Conditional Expectations

First, we show the following description of a collection of data that specifies a G-measurable
random variable.

Proposition 3.3.1. Suppose that Z,Z′ are G-measurable random variables such that
E[Z1A] = E[Z′1A] for all A ∈ G. Then, Z = Z′ P-almost surely.

In other words, the collection of numbers (E[Z1A])A∈G determines Z up to differences on
null sets.

Proof. We can calculate

E|Z − Z′| = E[(Z − Z′)1{Z−Z′>0}]+ E[(Z′ − Z)1{Z−Z′≤0}]
= E[Z1A]− E[Z′1A]+ E[Z′1Ac]− E[Z1Ac]
= 0

for A = {Z − Z′ > 0} ∈ G. At the end above we apply our assumption, and the result
follows.

With this, let us revisit the first of our examples and see how this collection of data looks
in that case. Recall that in this case we have (X, Y) ∈ X × Y for X,Y finite sets, and we
gave an explicit definition of E[X | Y = y] = f(y) that we would like our definition of
Z = E[X | G] for G = σ(Y) to recover. In particular, we would like this to be Z = f(Y), the
function f : Y → R evaluated on the random variable Y . The function f(y) was given by

f(y) =
∑
x∈X

x · P[X = x | Y = y] =
∑
x∈X

x · p(x,y)
P[Y = y].

Suppose we have A ∈ G = σ(Y). Such sets are of the form A = {Y ∈ B} for some B ⊆ Y.
Thus, we may calculate

E[Z1A] = Ef(Y)1{Y ∈ B}
=
∑
y∈B

P[Y = y] · f(y)

=
∑
y∈B

P[Y = y] ·
∑
x∈X

x · p(x,y)
P[Y = y]

=
∑
y∈B

∑
x∈X

x · p(x,y)

= E[X1{Y ∈ B}]
= E[X1A].

Thus, omitting the intermediate details, we find the relation

E[Z1A] = E[X1A] for all A ∈ G.
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You may check as an exercise that in fact the same relation holds in the second example of
continuous random variables as well, essentially by doing the same calculation with sums
replaced with integrals as appropriate. By Proposition 3.3.1, this criterion characterizes the
random variable Z up to P-null events.

3.4 Definition, Existence, and Uniqueness

Our next step is to take the above as the definition of the conditional expectation. We will
show that such a random variable Z always exists, and will denote by it the conditional
expectation:

Theorem 3.4.1. Let (Ω,F ,P) be a probability space and X ∈ L1(P) a random variable
(i.e., one having E|X| < ∞). Let G ⊆ F be a sub-σ -algebra. Then, there exists a random
variable Z satisfying the following:

1. Z is G-measurable.

2. E[Z1A] = E[X1A] for all A ∈ G.

3. Z ∈ L1(P).

Further, if Z and Z′ both satisfy the above conditions, then Z = Z′ P-almost surely.

Definition 3.4.2. We denote E[X | G] := Z for Z as in Theorem 3.4.1. Note that Z is
only well-defined up to P-null events.

We have already seen that E[X | σ(Y)] defined in this more abstract way behaves in a
way compatible with our elementary definitions, since we calculated above that the elemen-
tary definition yields a Z that indeed satisfies the above conditions (in particular the main
Condition 2), which must therefore be unique up to P-null events by the uniqueness clause
of the Theorem. Let us see what happens in the other examples we looked at:

• G = {∅,Ω}: here, on the one hand Z = E[X | G] must be G-measurable, i.e., constant.
On the other hand, taking A = Ω, we must have E[Z] = E[Z1A] = E[X1A] = E[X], so
we must have Z = E[X], as we expected above.

• G = σ(B): here, we must have Z(ω) = b if ω ∈ B and Z(ω) = c if ω ∈ Bc for some
b, c ∈ R. Let us derive these values. Taking A = B,

bP[B] = E[Z1B] = E[X1B],

and thus, if P[B] > 0,

b = E[X1B]
P[B]

= E[X | B],
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the right-hand side referring to the elementary notion of expectation conditional on
an event. Similarly, you may derive that c = E[X | Bc]. Thus, as we hoped above,
E[X | σ(B)] contains precisely these two elementary conditional expectation values.

3.4.1 Radon-Nikodym Theorem

We now move towards the proof of Theorem 3.4.1. The main difficulty will be in the ex-
istence proof, for which we allude to the following important and useful result of general
measure theory. We sketch the main ideas of its proof here as well.

Theorem 3.4.3 (Radon-Nikodym). Let (Ω,G) be a measurable space and µ, ν be finite,
non-negative measures on this space. Suppose that ν � µ, meaning that ν(A) = 0
whenever µ(A) = 0. Then, there exists a G-measurable f : Ω → R such that f(ω) ≥ 0
for all ω, and

ν(A) =
∫
A
f dµ for all A ∈ G. (3.4.1)

This f is unique up to µ-null events (i.e., if f and g both satisfy the above, then µ({f −
g ≠ 0}) = 0).

The function f as in the Theorem is usually denoted

dν
dµ

:= f

and called the relative density of ν with respect to µ.
The proof will rely on the following standard measure-theoretic result, whose proof we

omit (see [Bil17, Theorem 32.1] for details).

Theorem 3.4.4 (Hahn decomposition). Let (Ω,G) be a measurable space and µ be a
signed measure on it. Then, there exist P,N ⊆ Ω disjoint and such that P tN = Ω such
that µ(A) ≥ 0 for all A ∈ G with A ⊆ P , and µ(A) ≤ 0 for all A ∈ G with A ⊆ N .

Proof Sketch of Theorem 3.4.3. We outline the proof of the existence part of the statement.
We begin by constructing a candidate function f , and then show that it works. Consider the
set of functions that “underestimate” the equality that f is supposed to have:

F :=
{
f : Ω → R : f ≥ 0, G-measurable,

∫
A
f dµ ≤ ν(A) for all A ∈ G

}
.

Note that F ≠∅ since the zero function belongs to F. Also, you may check that F is closed
under taking the maximum of functions and monotone limits of functions. Define

K := sup
f∈F

∫
Ω
f dµ.
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Since F is closed under maxima and monotone limits, by taking a sequence g1, g2, · · · ∈ F

that achieves the supremum, letting fn := max{g1, . . . , gn}, and letting f := limn→∞ fn, we
see that there exists an f ∈ F that achieves the supremum, i.e., that has

K =
∫
Ω
f dµ.

Next, we argue that this f we have constructed in fact satisfies the conditions of being a
relative density. Define the “remainder measure” associated to this f ,

δ(A) := ν(A)−
∫
A
f dµ.

This is a non-negative finite measure on (Ω,G). We will be done if we can show that δ = 0.
For the sake of contradiction, suppose otherwise. Then, δ(Ω) > 0, and so there exists
some ε > 0 such that δ(Ω) − εµ(Ω) > 0. Consider the signed measure γ := δ − εµ. By
Theorem 3.4.4, there exists some P ∈ G such that γ(A) ≥ 0 for all A ⊆ P and such that
γ(Ω) ≤ γ(P). In particular, γ(P) > 0.

Define f̃ := f + ε1P . We have f̃ ≥ 0 and f̃ is G-measurable by construction, and for
A ∈ G, ∫

A
f̃ dµ =

∫
A
f dµ + εµ(P ∩A)

= ν(A)− δ(A)+ εµ(P ∩A)
≤ ν(A)− δ(P ∩A)+ εµ(P ∩A)
= ν(A)− γ(P ∩A)
≤ ν(A),

so f̃ ∈ F. And, we have ∫
Ω
f̃ dµ =

∫
Ω
f dµ + εµ(P) = K + εµ(P).

Also,
0 < γ(P) = δ(P)− εµ(P) ≤ δ(P) ≤ ν(P).

Using our assumption of absolute continuity, since ν(P) > 0 we must have µ(P) > 0 as well.
Thus,

∫
Ω f̃ dµ > K, a contradiction to the definition of K.

Thus, we must have δ = 0, and thus f satisfies the required condition.

3.4.2 Existence: Proof of Theorem 3.4.1

We are now ready for the proof we skipped earlier. Before continuing, we note that we will
use Theorem 3.4.3 in a way that might seem unusual: given a fixed pair of measures µ, ν on
(Ω,F), we may apply the Theorem with respect to any G ⊆ F . This gives different relative
densities f = fG: they must be G-measurable, which is more restrictive the smaller G is, but
also they must satisfy the family of conditions (3.4.1), which are fewer the smaller G is.
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Proof of Theorem 3.4.1. Consider first the case X ≥ 0. From X, we define a measure

ν(A) := E[X1A] =
∫
A
X(ω)dP(ω).

Note that, in the notation of Theorem 3.4.3, this makes it so that X = dν
dP , using a random

variable as a relative density. Since X ≥ 0 this measure is non-negative, and since X ∈ L1 it is
finite. Thus, we may apply Theorem 3.4.3 to ν and µ = P, but we do so, as indicated above,
with respect to the sub-algebra G ⊆ F . This yields Z : Ω → R a non-negative G-measurable
function, which satisfies ∫

A
Z(ω)dP(ω) = ν(A)

for all A ∈ G. But, rewriting either side and viewing Z as a random variable, this equivalently
says

EZ1A = EX1A,

and so this Z satisfies precisely the desired condition.
For general X, write X+ := X ∨ 0 and X− := X ∧ 0, so that X± ≥ 0 while X = X+ − X−.

Then, you may check that setting E[X | G] := E[X+ | G] − E[X− | G] achieves the desired
properties, where each of the individual conditional expectations is constructed by the above
means.

3.5 Basic Properties

We now establish some basic “building block” properties that make it easier to work with
conditional expectations. To prove these, we work directly from the defining property in
Theorem 3.4.1, constructing Z = E[X | G] by checking that we indeed have

E[Z1A] = E[X1A] for all A ∈ G. (3.5.1)

We will be a little sloppy with the other conditions, but you may check that they hold in
all cases below. We also note that the conditional expectation is only defined up to P-null
events, so all equalities of random variables below involving conditional expectations are
also to be interpreted in this sense.

Proposition 3.5.1 (Linearity). Let X,Y ∈ L1, G ⊆ F a sub-σ -algebra, and a,b ∈ R. Then,

E[aX + bY | G] = aE[X | G]+ bE[Y | G].

Proof. We check that the right-hand side satisfies (3.5.1): letting A ∈ G,

E
[
(aE[X | G]+ bE[Y | G])1A

]
= aE

[
E[X | G]1A + bE

[
E[Y | G])1A

]
and using (3.5.1) in each term,

= aE[X1A]+ bE[Y1A]
= E[(aX + bY)1A].
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Proposition 3.5.2 (Monotonicity). Let X,Y ∈ L1, G ⊆ F a sub-σ -algebra, and suppose
that X ≤ Y almost surely. Then, E[X | G] ≤ E[Y | G] almost surely.

Proof. By Proposition 3.5.1, without loss of generality, we may take X = 0. Let Z := E[Y | G].
Then, using (3.5.1) and then that Y ≥ 0 almost surely, we have

E[Z1{Z < 0}] = E[Y1{Z < 0}] ≥ 0,

so Z ≥ 0 almost surely as claimed.

Proposition 3.5.3 (Factorization). Let X,Y ,XY ∈ L1, G ⊆ F a sub-σ -algebra, and sup-
pose that X is G-measurable. Then,

E[XY | G] = XE[Y | G].

Proof. The proof follows the standard “simple function ladder” method of establishing the
result for X = 1A for A ∈ G, then for linear combinations of such indicator random variables,
then for general non-negative random variables, i.e., G-measurable functions, and finally for
all random variables. We only describe the first part and leave the rest as an exercise.
Suppose X = 1B for B ∈ G. Let Z := XE[Y | G] = 1BE[Y | G]. We want to show that
Z = E[XY | G], so we verify (3.5.1): let A ∈ G, then we have

E[Z1A] = E[1A∩BE[Y | G]]

and since A∩ B ∈ G, by the property (3.5.1) we have

= E[1A∩BY]
= E[XY1A],

as required.

Proposition 3.5.4 (Independence). Let X ∈ L1, G ⊆ F a sub-σ -algebra, and suppose X
is independent of G. Then,

E[X | G] = E[X].

In particular, if X and Y are independent random variables, then

E[X | Y] = E[X].

Proof. Let A ∈ G and write z := E[X], using a lowercase letter since this is just a determin-
istic number. We have

E[X1A] = E[X] · E[1A] = z · E[1A] = E[z1A],

thus the constant random variable z satisfies (3.5.1).
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Proposition 3.5.5 (Tower property). Let X ∈ L1 and H ⊆ G ⊆ F nested σ -algebras.
Then,

E
[
E[X | G] | H

]
= E[X | H ].

In particular, takingH = {∅,Ω}, we have

E
[
E[X | G]

]
= E[X].

Proof. Let A ∈ H ; note that then A ∈ G as well by assumption. Then, we have using (3.5.1)
twice,

E
[
E[X | G]1A

]
= E[X1A] = E

[
E[X | H ]1A

]
.

But, this also verifies (3.5.1) for the stated equality of conditional expectations.

Proposition 3.5.6. Let X ∈ L1 and f : R → R convex such that f(X) ∈ L1 as well. Then,
almost surely (noting that either side of the below is a random variable!), we have

E[f (X) | G] ≥ f(E[X | G]).

Proof Sketch. Use that any convex f is a supremum of linear functions, along with Proposi-
tions 3.5.1 and 3.5.2.

3.6 Conditional Probability

The approach we have taken above might seem a bit unusual, since in our motivating exam-
ples conditional probability was the more intuitive object from which we derived conditional
expectations. However, we will see here that this is a subtler matter that can be treated in
different ways and in any case requires more care than conditional expectation. We just give
an overview of the main ideas; a good source for details is the paper [CP97] and the textbook
[Pol02, Chapter 5].

3.6.1 Conditional Probabilities as Conditional Expectations

On the bright side, there is really only one reasonable definition of conditional probability:
if A ∈ F and G ⊆ F is a sub-σ -algebra, we define

P[A | G] := E[1A | G].

As with all conditional expectations, this is a G-measurable random variable, and comes
with the caveat that it is well-defined only up to P-null events.

In particular, if Y : Ω → Y is a random variable, we write

P[A | Y] := P[A | σ(Y)].
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We will mostly focus on this case. Let us review our motivating examples and see how this
construction compares with those:

Example 1: Discrete Case Suppose that Ω = X ×Y is finite, that Y(x,y) = y , and that

P[(X, Y) = (x,y)] = p(x,y)

for a probability mass function p(x,y) > 0. Then for each y ∈ Y the formula

Py[A] :=
∑

x:(x,y)∈A

p(x,y)∑
x′∈X p(x′, y)

defines a probability measure on Ω concentrated on the fiber of the space of outcomes
{(x̃, ỹ) : ỹ = y} ⊆ Ω. (Previously we viewed this as a probability measure just on X, but
we will see that this equivalent perspective of a measure on a single fiber X × {y} is easier
to generalize.) In particular, this is compatible with the elementary definition of conditional
probability,

P[X = x | Y = y] = Py[{(x,y)}] =
p(x,y)∑

x′∈X p(x′, y)
.

Thus, the above formula may be viewed as specifying a family of probability measures Py
for each y ∈ Y a possible value of the random variable Y .

Example 2: Continuous Case Suppose that Ω = R2, that Y(x,y) = y , and that P has a
continuous density ρ(x,y) > 0 with respect to Lebesgue measure. The elementary defini-
tion of continuous conditional probability is

ρ(x | y) := ρ(x,y)∫
R ρ(x′, y)dx′

.

Then for each y ∈ R the formula

Py[A] :=
∫
R

1A(x,y)ρ(x | y)dx

again defines a probability measure concentrated on the fiber {(x̃, ỹ) : ỹ = y} ⊂ Ω = R2.
For instance, if A = C × {y} for some Borel set C ⊆ R, then

Py[A] =
∫
C
ρ(x | y)dx,

again recovering the familiar formula from multivariable calculus.
On the other hand, note that this definition allows us to condition on the event Y = y

of measure zero, in a way that seems logical and unique. Below we will clarify when this is
possible more generally.
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3.6.2 Incoherence for General Large Measurable Spaces

Based on the above examples, let us summarize what we want a construction of condi-
tional probability to behave like, versus what our construction via conditional expectation
achieves.

The examples lead us to look for a family of probability measures (Py)y∈Y , which satisfy
the following properties:

1. Py is indeed a probability measure (which we repeat here since it will become an issue
below).

2. Py is supported on the fiber {ω ∈ Ω : Y(ω) = y}.

3. Py respects the tower-type formula E[PY [A]] = P[A], which may be verified in both
of the above cases and should make intuitive sense, allowing us to “distintegrate”
probabilities over the conditional probability distributions.

We will see later that, if modified a bit, such a list of conditions specifies an essentially
unique family of probability measures, so let us take these natural conditions to be the
criteria for a sensible construction of values of P[A | Y = y].

On the other hand, what we have actually built so far is the object Z = ZA = P[A |
Y], which is a random variable ZA(ω) for each A ∈ F . Since ZA is σ(Y)-measurable,
Lemma 3.2.1 implies that there exists a Borel-measurable function fA : Y → R such that,
almost surely,

ZA = fA(Y).

This suggests the provisional definition

P̃y[A] := fA(y),

which is really the only sensible definition that the theory we have developed so far leads us
to. The question remains: does this definition satisfy the above criteria?

At first glance our construction looks promising. For each fixed set A, the function
y , P̃y[A] is measurable, and

P̃Y(ω)[A] = P[A | Y](ω)

holds almost surely.
However, if we look into the details of the above claim we start to see an issue: the claim

holds almost surely for each A, meaning that to each A ∈ F there is associated a “bad set”
NA such that P[NA] = 0 and such that we are only guaranteed that

P̃Y(ω)[A] = P[A | Y](ω) for ω ∉ NA.

The problem is that if we want to argue that the P̃y have various properties for a fixed y ,
we must avoid many different sets NA, which can become impossible if the σ -algebra F is
sufficiently rich.
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As a simple example, consider trying to show that P̃y is a probability measure, and in
particular showing the simple property that it is additive over all disjoint pairs of sets. Fix
A,B ∈ F with A∩ B = ∅. We expect to be able to show

P̃y[A∪ B]
(?)= P̃y[A]+ P̃y[B].

All three of these expressions are random variables, i.e., functions of ω. We should be able
to argue as follows: if ω is such that y = Y(ω), then

P̃y[A](ω)+ P̃y[B](ω) = P̃Y(ω)[A]+ P̃Y(ω)[B]
= P[A | Y](ω)+ P[B | Y](ω) (for ω ∉ NA ∪NB)
= E[1A | Y](ω)+ E[1B | Y](ω)
= E[1A + 1B | Y](ω) (for ω ∉ N(add)

A,B )

= E[1A∪B | Y](ω)
= P[A∪ B | Y](ω)
= P̃Y(ω)[A∪ B] (for ω ∉ NA∪B)

= P̃y[A∪ B]

But, this only actually holds with the various restrictions on ω mentioned above, where
N(add)
A,B is another null set away from which additivity of the conditional expectation above

holds.
Thus, the entire chain of equations above holds only provided that y = Y(ω) for some

ω ∉ MA,B := NA ∪ NB ∪ NA∪B ∪ N(add)
A,B . We have P[MA,B] = 0, so for any given A,B the

above indeed holds almost surely. Equivalently, we can write y = Y(ω) ∉ MA,B as y ∈
Y−1(Mc

A,B) =: FA,B , for some FA,B ⊆ Y. Writing Q := Law(Y) a probability measure on Y, then

we have Q[FA,B] = 1. In words, for any fixed A,B, P̃y is additive on A and B for Q-almost
every y .

But now, when do we actually find that the entire function P̃y : Ω → R is additive on
disjoint pairs of subsets? Since this requires quantifying over all pairs of subsets, it only
happens on

y ∈
⋂

A,B∈F
A∩B=∅

FA,B =: F (add).

If F is countable, then the above is a countable intersection of sets of full measure, so
Q[F (add)] = 1. In the same spirit we could check the remaining properties of a probability
measure and we would find that, for Q-almost every y , P̃y in our definition is indeed a
probability measure. However, once F is uncountable (as happens in all examples with
continuous random variables taking values in R), the above intersection is also uncountable,
and we are not guaranteed that any given P̃y is a probability measure!

This is the main issue that we will look for other ways to address: at a high level, when
we do not have some extra “control” on the nature of the base measurable space (Ω,F), the
natural construction of conditional probability via conditional expectation is not guaranteed
to give rise to a sensible family of objects. That is precisely the gap that the notion of regular
conditional probability is designed to fill.
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3.6.3 Regular Conditional Probability

The basic idea is that the above issues can be addressed if we make some additional struc-
tural assumptions on (Ω,F). These assumptions will be of a topological nature: they will
ask for some additional structure beyond just the very “loose” one of being a measurable
space. To set up the general statements, let (Y,B) be a measurable space, and let Y be a
Y-valued random variable as above, i.e., a measurable Y : Ω → Y. We write Q := Law(Y),
a probability measure on Y. The following encodes a small variation on our criteria listed
before:

Definition 3.6.1 (Strong regular conditional probability). A family (Py)y∈Y is called a
(strong) regular conditional probability of P given Y if the following hold:

1. For each y ∈ Y, Py is a probability measure on (Ω,F).

2. For Q-almost every y ∈ Y, we have

Py[Y = y] = 1.

3. For every bounded measurable function f : Ω → R, the map

y ,
∫
Ω
f(ω)dPy(ω)

is B-measurable.

4. For every bounded measurable function f : Ω → R,∫
Ω
f(ω)dP(ω) =

∫
Y

(∫
Ω
f(ω)dPy(ω)

)
dQ(y).

When such a family exists (and is “unique enough,” which we will return to below), we
are justified in writing

P[A | Y = y] := Py[A]

and, more generally,

E[X | Y = y] :=
∫
Ω
X(ω)dPy(ω).

Condition 2 says that Py is concentrated on the fiber {Y = y}, at least for Q-almost every
y . Note that some caveat like this is necessary, since if Y(ω) never equals y , then this fiber
is empty, while we still want Py have some set on which it is allowed to be supported.
Condition 4 says that P may be recovered by first drawing y from Q and then drawing ω
from Py , a kind of reverse Fubini theorem. This is why the above type of construction is
also sometimes called disintegrating P into the measures Py .

The definition has been formulated using bounded measurable test functions because
this is the cleanest way to package both measurability and the disintegration formula. Tak-
ing f(ω) = 1A(ω) immediately gives the following.

42



Proposition 3.6.2. If (Py)y∈Y is a strong regular conditional probability of P given Y ,
then, for every A ∈ F :

1. The map y , Py[A] is B-measurable.

2. We have

P[A] =
∫
Y
Py[A]dQ(y).

Further, when a strong regular conditional probability exists, it almost surely coincides
with our construction of conditional probability from conditional expectation; thus, it is
indeed a stronger or “more regular” restricted version of that same construction.

Proposition 3.6.3. Let (Py)y∈Y be a strong regular conditional probability of P given Y .
Let A ∈ F . Define

gA(y) := Py[A],
GA(ω) := gA(Y(ω)).

Then, GA = P[A | Y] almost surely. More generally, for every bounded measurable
h : Y → R, almost surely

E[1Ah(Y)] =
∫
Y
h(y)Py[A]dQ(y).

The proof is a straightforward verification of the defining property of P[A | Y].
In summary, we have at least found the right definition of a stronger notion of condi-

tional probability: if we can construct a strong regular conditional probability, then it both
almost surely coincides with our first idea for each test set A, and modifies it within those
constraints to behave more sensibly as a family of probability measures.

3.6.4 Disintegration Theorem

The remaining question is whether such families exist and are unique. The answer is yes
under mild topological hypotheses on (Ω,F), but no in complete generality: there do exist
probability spaces (Ω,F ,P) and measurable maps Y for which no strong regular conditional
probability exists. So, some extra structure really is necessary. The following is one state-
ment of an existence and uniqueness result.

Theorem 3.6.4 (Disintegration theorem). Suppose that the following hold.

1. Ω is a metric space and F is its Borel σ -algebra.

2. There exist finite non-negative measures µ1, µ2, . . . on (Ω,F), each with compact
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support, such that

P =
∞∑
n=1

µn.

3. The graph set
Graph(Y) := {(ω,y) ∈ Ω ×Y : y = Y(ω)}

belongs to F ⊗B.

Then, there exists a strong regular conditional probability (Py)y∈Y of P given Y . More-
over, if (Py)y∈Y and (P′y)y∈Y are two such families, then, for Q-almost every y , we have
Py = P′y .

We will not prove this theorem here; see [Pol02, Chapter 5] for more detailed discussion.
The point is that, once one assumes enough regularity of the underlying measurable spaces,
the informal notation P[A | Y = y] can indeed be made rigorous.

You may also verify that this recovers the elementary constructions discussed above
both in the discrete and continuous cases. Again, see [Pol02, Chapter 5] for many more
examples, including ones in more applied statistical contexts.

3.6.5 Warnings

There are two basic warnings to keep in mind when venturing into working with regular
conditional probabilities and conditioning on events of measure zero:

1. The notation P[A | B] for an event B with P[B] = 0 is not meaningful on its own. It
only becomes sensible when B is understood as a fiber {Y = y} of some associated
random variable Y , together with a coherent family of probability measures (Py) on
the fibers {Y = y}. You may look up the famous Borel-Kolmogorov paradox for an
example of the perils of not being careful about this.

2. Even when a strong regular conditional probability exists, the quantity P[A | Y =
y] is, in the theory we have seen, only defined for Q-almost every y . At a single
exceptional value of y , one may modify Py arbitrarily without changing any of the
properties discussed above. This is why uniqueness in Theorem 3.6.4 is only a Q-
almost-everywhere statement.

With regard to Warning 2, you might notice that this still slightly violates the nice be-
havior of our example of continuous conditional probability, where we really could make
sense of, say, P[A | Y = 0] for a real-valued Y in a coherent way. To formalize this kind of
refinement, the right idea is to ask for some kind of continuity of the map y , Py . For one
approach to this in some generality, see [Tju75].
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4 | Martingales

4.1 Basic Definitions

We first give the main definitions surrounding martingales, and then give some motivating
examples in the following Section to show the wide range random sequences martingales can
describe. Martingales are discrete-time stochastic processes, sequences (Mn)n≥0 of random
variables with a discrete time index n ∈ Z≥0. We define the following structure of σ -algebras
describing the “information” available at time n.

Definition 4.1.1 (Filtration). A filtration (Fn)n≥0 of a σ -algebra F is a nested sequence
F0 ⊆ F1 ⊆ · · · ⊆ Fn ⊆ · · · ⊆ F of sub-σ -algebras. We say that a sequence (Xn)n≥0 of
random variables is adapted to (Fn) if Xn is Fn-measurable for each n ≥ 0, and that a
sequence (Xn)n≥1 is predictable with respect to (Fn) if Xn is Fn−1-measurable for each
n ≥ 1.

Definition 4.1.2 (Martingale). A sequence (Mn)n≥0 of random variables is a martingale
with respect to a filtration (Fn) if the following hold:

1. (Mn) is adapted to (Fn).

2. Mn ∈ L1 for all n ≥ 0.

3. E[Mn+1 | Fn] = Mn almost surely for all n ≥ 0.

Such a sequence is a submartingale if instead E[Mn+1 | Fn] ≥ Mn, and a supermartin-
gale if instead E[Mn+1 | Fn] ≤ Mn.

Remark 4.1.3. A sub/super/martingale also automatically has the same property with re-
spect to the filtration F̃n := σ(M0, . . . ,Mn), the minimal filtration to which the sequence is
adapted.

The following is an important basic property to keep in mind—in expectation, martin-
gales stay constant, submartingales go up, and supermartingales go down.
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Proposition 4.1.4. If (Mn) is a martingale, then EMn = EM0 and E[Mn+k | Fn] = Mn
almost surely for all n,k ≥ 1. If (Mn) is a sub/supermartingale, then the same holds
with = replaced by ≥ or ≤, respectively.

Proof. By the tower property and induction.

There is also another way to view the definition of martingales in terms of the differences
between consecutive values.

Definition 4.1.5 (Martingale increments). A sequence (∆n)n≥1 of random variables is
a sequence of martingale increments with respect to a filtration (Fn) if the following
hold:

1. (∆n) is adapted to Fn.

2. ∆n ∈ L1 for all n ≥ 1.

3. E[∆n+1 | Fn] = 0 for all n ≥ 0.

Definition 4.1.6 (Finite differences). Given a sequence (Mn)n≥0, we write ∆(M) for the
sequence ∆(M)n = Mn −Mn−1 for n ≥ 1.

Proposition 4.1.7. Let (Mn) be an adapted sequence of L1 random variables. Then, Mn
is a martingale if and only if ∆(M) is a sequence of martingale increments.

4.2 Motivating Examples

4.2.1 Random Walk

The simplest example of a martingale is the random walk or sum of independent random
variables that you are already familiar with. Let Xi be independent with EXi = 0, and define
Sn :=

∑n
i=1Xi, with S0 = 0. Then, with respect to the filtration Fn = σ(X1, . . . , Xn), the

sequence (Sn) is a martingale. To check this, we compute

E[Sn+1 | Fn] = E[Sn +Xn+1 | Fn] = E[Sn | Fn]+ E[Xn+1 | Fn] = Sn + E[Xn+1] = Sn

using the linearity, factorization, and independence properties of conditional expectation.
To compare with other examples, we note some aspects of the limiting behavior of this

sequence: Sn almost surely does not converge, but 1
nSn does by the law of large numbers,

while 1√
nSn converges in distribution (provided Xi ∈ L2 are i.i.d.) by the central limit theo-

rem, and we can prove concentration estimates on P[Sn ≥ tn] in large deviations principles.
We will see a little later how some of these properties enjoy generalizations to martingales.
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4.2.2 Geometric Random Walk

Suppose now that Xi are independent with Xi ≥ 0 almost surely and EXi = 1. Define
Mn :=

∏n
i=1Xi, with Mn = 1. Then, (Mn) is a martingale with respect to the same filtration

as above. Indeed, we have:

E[Mn+1 | Fn] = E[MnXn+1 | Fn] = MnE[Xn+1 | Fn] = MnE[Xn+1] = Mn.

This kind of object is called a geometric random walk, and for example has many applica-
tions in mathematical finance.

These examples can have quite different convergence behavior than random walks. For
instance, suppose Xi ∼ Unif({0,2}). Then, you may check that Mn → 0 almost surely. In
particular then, we have

0 = E lim
n→∞

Mn Ú lim
n→∞

EMn = 1,

or in other words, the Mn converge almost surely but not in L1. We will later study under
what conditions martingales converge, and when we can avoid the above situation and have
convergence both almost surely and in L1.

4.2.3 Doob Martingale

Let X ∈ L1 be any random variable, and (Fn) any filtration. Then, you may check that
Mn := E[X | Fn] is always a martingale, a simple consequence of the tower property. If
further we choose F0 = {∅,Ω} while FN = F for some N , then we will have M0 = EX
while MN = X. In between, in some way according to the filtration, the martingale gradually
“reveals information” about the outcome of the random variable X.

One important practical application of this construction is to X = f(Z1, . . . , ZN) for Zi
independent random variables and Fn := σ(Z1, . . . , Zn). We will see soon that this can be
used to prove concentration inequalities for quite general nonlinear functions of indepen-
dent ranodm variables.

4.2.4 Martingale Transform

Another important general construction of martingales is the following, which can be viewed
as a kind of discrete-time stochastic integral.

Definition 4.2.1 (Martingale transform). Let (Hn)n≥1 and (Mn)n≥0 be sequences of ran-
dom variables. Then, we define

(H •M)n :=
n∑
i=1

Hi∆(M)i =
n∑
i=1

Hi(Mi −Mi−1)

for each n ≥ 1, and (H •M)0 := 0.
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Proposition 4.2.2. Suppose H = (Hn)n≥1 is predictable and M = (Mn)n≥0 is a mar-
tingale. Then, H • M is a martingale provided each of its elements is L1. If Hn ≥ 0
almost surely for each n ≥ 1 as well, and M is a sub/supermartingale, then H •M is a
sub/supermartingale as well.

Proof. We check that the increments satisfy the required property: we have ∆(H •M)n =
Hn∆(M)n, and so

E[∆(H •M)n+1 | Fn] = E[Hn+1∆(M)n+1 | Fn] = Hn+1E[∆(M)n+1 | Fn]

by the predictability of H. Then, the result follows by Proposition 4.1.7.

Remark 4.2.3. In general, H •M =
∑
Hi∆(M)i should be viewed as a discrete analog of the

Stieltjes integral, and we will later develop some theory around Stieltjes integrals, in which
martingales and a version of the above result play a crucial role.

4.2.5 Gambling and the Martingale Betting Strategy

For example, consider martingale transforms of the simple random walk: let Xi ∼ Unif({±1})
and Sn :=

∑n
i=1Xi, a martingale with respect to Fn := σ(X1, . . . , Xn). Consider a pre-

dictable sequence (Hn)n≥1 with respect to this filtration. This means Hn is σ(X1, . . . , Xn−1)-
measurable, so by Lemma 3.2.1 we have Hn = hn(X1, . . . , Xn−1) almost surely for some
measurable hn : Rn−1 → R. Then, the martingale transform takes the form

(H • S)n =
n∑
i=1

HiXi =
n∑
i=1

hi(X1, . . . , Xi−1)Xi.

We may interpret this in terms of gambling strategies: Xi is the outcome of a simple fair
game where we bet some amount and either lose our bet or win an amount equal to our bet.
Hi = hi(X1, . . . , Xi−1) the size of our bet on the ith round of the game, which may depend on
the previous outcomes of the game. The martingale transform H •S then gives the sequence
of our profit over the course of the game.

There is a special case of this that is commonly cited as a paradox of probability theory,
confusingly also called “the martingale” sometimes. Formally, we set

H1 := 1,

Hn :=
{

2Hn−1 if Xn−1 = −1,
0 if Xn−1 = +1

}
.

In words, we double our bet until the first time we win, at which point we stop playing.
To analyze the behavior of this strategy, note that almost surely there will be some

Xi = +1, so let n := min{i : Xi = +1}. Then, we have the sequence of bets

H1 = 1 = 20, H2 = 21 · · · Hn = 2n−1, Hn+1 = Hn+2 = · · · = 0.

The sequence of outcomes is

X1 = · · · = Xn−1 = −1, Xn = +1.
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Thus, for all N ≥ n, we have

(H • S)N =
N∑
i=1

HiXi = −20 − 21 − · · · − 2n−2 + 2n−1 = +1.

That is, we appear to always systematically win money!
Of course, the sensible resolution of the paradox is that there is a risk we have not

modelled: if we have a finite budget, then we will be “stopped out” of the game and forced
to stop playing if we lose all of our money. We will see below that, once we take this into
account, we can rigorously show that it is impossible to systematically win money in this
way.

For now, let us notice three diverse possible behaviors of martingales that the above
examples show us:

1. Random walk: EMn = 0, Mn almost surely does not converge.

2. Geometric random walk: EMn = 1, Mn → 0 almost surely, and so

lim
n→∞

EMn = 1 > 0 = E lim
n→∞

Mn.

3. Martingale betting strategy: EMn = 0, Mn → 1 almost surely, and so

lim
n→∞

EMn = 0 < 1 = E lim
n→∞

Mn.

4.3 Stopping Times

One alternative way in which we can view the example of the martingale betting strategy
is as an ongoing random walk that we decide to “stop” at a particular random time. In
particular, consider the martingale, for Xi ∼ Unif({±1}), given by

Mn :=
n∑
i=1

Xi · 2i−1.

This is just a weighted random walk, and so is a martingale. Then, if we define

T := min{n : Xn = +1},
M̃n := MT∧n,

then M̃n has the same law as the martingale associated to the martingale betting strategy
formed as a martingale transform above.

We will see that it is useful for the general theory of martingales as well as other ap-
plications to develop some general tools around such random times. The following is a
reasonable notion of random time with respect to a filtration.
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Definition 4.3.1 (Stopping time). T : Ω → Z≥0 ∪ {+∞} is a stopping time with respect to
the filtration (Fn) if {T = n} ∈ Fn for all n ≥ 0, or equivalently if {T ≤ n} ∈ Fn for all
n ≥ 0.

Two natural examples can be formulated in terms of the simple random walk Sn =∑n
i=1Xi, with Xi ∼ Unif({±1}) (or any other distribution):

T := min{n : Sn = a}, (hitting time)

T := min{n : Sn ∉ [−a,b]}. (exit time)

One natural example of a random time that is not a stopping time is

T := sup{n : Sn = a}. (last visit time)

We focus on the behavior ofMT for T a stopping time, a single random variable, or of the
sequence (MT∧n), which follows the trajectory of (Mn) until T happens (if ever), and then
“stops” at its current value and remains there forever.

The following is a useful property to keep in mind for building predictable processes out
of stopping times.

Proposition 4.3.2. If T is a stopping time, then, for any n ≥ 1, {n > T}, {n ≤ T} ∈ Fn−1.

Proof. The two events are complementary, so it suffices to consider either one, and we have
{n > T} = {T ≤ n− 1} ∈ Fn−1 by definition.

Proposition 4.3.3. If T is a stopping time and (Mn) is a sub/supermartingale, then
(MT∧n) is also a sub/supermartingale.

Proof. Let Hn := 1{n ≤ T}, then (Hn) is predictable by Proposition 4.3.2. Also, Hn ≥ 0, so
the martingale transform H •M retains the properties of being a sub/supermartingale. And,
we have

(H •M)n =
n∑
i=1

Hi(Mi −Mi−1) =
T∧n∑
i=1

(Mi −Mi−1) = MT∧n −M0,

and shifting by M0 an F0-measurable random variable also does not affect the properties of
being a sub/supermartingale.

Corollary 4.3.4. Suppose that T is a stopping time that is almost surely bounded, i.e.
there exists some τ ∈ Z≥0 such that T ≤ τ almost surely. If (Mn) is a martingale, then
EMT = EM0 (and similarly with inequalities of (Mn) is a sub/supermartingale).
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Proof. Write M̃n := MT∧n, which is a martingale by Proposition 4.3.3. Then, we have

EMT = EMT∧τ = EM̃τ = EM̃0 = EMT∧0 = EM0.

We will next pursue the question of, for (Mn) a martingale and T a stopping time, when
we have

EMT
(?)= EM0

Note that this can be viewed as asking when the property that EMn = EM0 can be extended
to random times n. So far, we know that the answer is “sometimes”: the above Corollary
says this holds provided T is bounded, while the example of the martingale betting strategy
gives a construction where 1 = EMT Û EM0 = 0.

4.3.1 Optional Stopping Theorem

The following gives several useful conditions under which the above kind of result holds.

Theorem 4.3.5 (Doob optional stopping). Suppose that (Mn) is a martingale and T is a
stopping time. Suppose also that any one of the following conditions holds:

1. (“Boundedness in time”) T ≤ τ almost surely for some τ ∈ Z≥0.

2. (“Boundedness in space”) T < ∞ almost surely and, for some C ∈ R≥0, |Mn| ≤ C
almost surely for all n ≥ 0.

3. (“Boundedness in increments”) ET < ∞ (i.e., T ∈ L1) and, for some C ∈ R≥0,
|Mn −Mn−1| ≤ C almost surely for all n ≥ 1.

Then, MT ∈ L1 and EMT = EM0.

Proof. The sufficiency of Condition 1 is just the statement of Corollary 4.3.4 above.
For Condition 2, note that if T < ∞ almost surely then MT∧n → MT almost surely, and

this sequence of random variables is uniformly bounded by C . Therefore, by the bounded
convergence theorem, MT ∈ L1 and EMT = limn→∞ EMT∧n. But, since (MT∧n) is a martingale,
for any n we have EMT∧n = EMT∧0 = EM0, and thus EMT = EM0.

For Condition 3, we use a slightly subtler version of the above argument. Since ET < ∞,
we also have T < ∞ almost surely, and so, as above, we have (MT∧n − M0) → (MT − M0)
almost surely. We also can bound

|MT∧n −M0| =

∣∣∣∣∣∣
T∧n∑
i=1

(Mi −Mi−1)

∣∣∣∣∣∣
≤ C(T ∧n)
≤ CT.
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Since T ∈ L1, this means that MT∧n −M0 are dominated by the integrable random variable
CT . So, we can apply the dominated convergence theorem to this sequence, which gives
(MT −M0) ∈ L1 whereby MT ∈ L1, and

EMT − EM0 = E[MT −M0] = lim
n→∞

E[MT∧n −M0].

But again since MT∧n is a martingale every term in the limit is 0, so we find EMT = EM0

again.

4.3.2 Application: Simple Random Walk

We now show how the seemingly abstract optional stopping theorem can actually give very
concrete insights about the behavior of the fundamental simple random walk model, Sn =∑n
i=1Xi with Xi ∼ Unif({±1}) i.i.d. Recall that this Sn is a martingale. We consider the two

stopping times discussed above.

Hitting Time Let a ≠ 0 and

T = Ta := min{n : Sn = a}.

We will show the following result, which should be quite surprising on its face if you try
picturing it for a small value like a = 1.

Theorem 4.3.6. For any a ≠ 0, ETa = ∞.

Proof. If we do not have T = Ta <∞ almost surely, then the result follows immediately. So,
suppose T < ∞ almost surely (you may show separately that this is in fact the case). Then,
ST = a by definition, so EST = a ≠ 0 = ES0. Thus, Theorem 4.3.5 must not apply to this
example, so Conditions 1, 2, and 3 must all fail. Condition 1 fails because T is not bounded
almost surely, and Condition 2 because |Sn| is not bounded almost surely uniformly in n.
But, Sn satisfies the bounded increments part of Condition 3. So, the only way Condition 3
can fail is if ET = ∞.

Note that, unlike treatments of this by direct combinatorics that you might have seen
in more elementary probability theory, this generalizes immediately to random walks with
arbitrary bounded step sizes by exactly the same proof.

Exit Time Let a,b > 0 and consider the slightly modified version of the exit time

T = Ta,b := min{n : Sn ∈ {−a,b}}.

That is, this is the first time that Sn hits the boundary of the interval [−a,b].
As a preliminary, we establish the following, which shows that the situation for hitting

times will not occur here.
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Proposition 4.3.7. ETa,b ≤ (a+ b)2a+b <∞.

Proof. Note that, if Xk+1 = · · · = Xk+a+b = +1, then T ≤ k + (a + b), i.e., if a run of a + b
steps in the same direction has just occurred, then T must have occurred by the end of such
a run. So, define the random variables

Y` := 1{X(`−1)(a+b)+1 = · · · = X`(a+b) = +1}

for ` ≥ 1. These are independent and Law(Y`) = Ber(2−(a+b)). If we set

G := min{` : Y` = 1},

then the above observation gives that

T ≤ (a+ b)G.

On the other hand, G is a geometric random variable, Law(G) = Geom(2−(a+b)), and you may
compute directly that E[G] = 2a+b, giving the result.

We will then obtain the following by applying the optional stopping theorem to the
exit time, describing the probability with which Sn exits [−a,b] on either side of the in-
terval.

Theorem 4.3.8. For any a,b > 0,

P[STa,b = −a] =
b

a+ b,

P[STa,b = b] =
a

a+ b

Note that the dependence on a and b looks inverted but is intuitively correct on reflection:
as b gets larger, it becomes less likely to exit [−a,b] on the upper side, and vice-versa.

Proof. Write T = Ta,b. Note that ST ∈ {−a,b} almost surely, and write p := P[ST = −a].
Condition 3 of Theorem 4.3.5 holds, so we have

0 = ES0 = EST = p · (−a)+ (1− p) · b = b − p(a+ b),

and solving for p gives the result.

It turns out that we may derive much more information about the joint distribution of
the random variables (T , ST ) by building other martingales out of Sn. Let us demonstrate
the first natural such extension.

Proposition 4.3.9. Let (Sn) be the simple random walk as above. Then, Mn := S2
n −n is

a martingale.
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Proof. We may calculate directly

E[Mn | Fn−1] = E[(Sn−1 +Xn)2 −n | Fn−1]
= E[S2

n−1 | Fn−1]+ E[2XnSn−1 | Fn−1]+ E[X2
n | Fn−1]−n

= S2
n−1 + 2Sn−1E[Xn]+ E[X2

n]−n
= S2

n−1 − (n− 1)
= Mn−1,

as required.

We would like to use Theorem 4.3.5 on this new martingale (Mn) together with the exit
stopping time T . As before, Conditions 1 and 2 of Theorem 4.3.5 do not apply, so we can
only hope to use Condition 3. However, in this case Condition 3 does not apply either! That
is because the increments of Mn are unbounded. These are:

Mn −Mn−1 = S2
n −n− (S2

n−1 − (n− 1))
= S2

n − S2
n−1 − 1

= 2XnSn−1 +X2
n − 1,

which is unbounded since |Xn| = 1 while Sn−1 can be as large as n− 1.
However, we can get around this issue by a sneaky trick: consider the stopping time T

we are interested in, and define the stopped martingale

M̃n := MT∧n.
Consider the increments of this martingale: if T ≤ n−1, then we have M̃n−M̃n−1 = MT−MT =
0. If T ≥ n, then we have |Sn|, |Sn−1| ≤ a ∨ b, since by definition T ≥ n means that Sn has
not exited the interval [−a,b] by time n. Thus, in this case we have

|M̃n − M̃n−1| = |Mn −Mn−1| = |2XnSn−1 + 1| ≤ 2(a∨ b)+ 1,

and so M̃n does have bounded increments and can be used with Theorem 4.3.5. Doing this,
we get the following new piece of information about T :

Theorem 4.3.10. For any a,b > 0, E[Ta,b] = ab.

Proof. By the above remarks, we may apply Theorem 4.3.5 to the martingale M̃n = MT∧n and
the stopping time T . This gives

EMT = EM̃T = EM̃0 = EM0 = 0.

Expanding the definition of MT here, we find

0 = E[S2
T − T]

= E[S2
T ]− E[T]

= a2P[ST = a]+ b2P[ST = b]− E[T]

= a2 · b
a+ b + b

2 · a
a+ b − E[T]

= ab − E[T],
and rearranging gives the result.
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4.3.3 Application: Enumeration Problems and Cayley’s Theorem

Another charming application of the optional stopping theorem is due to [Wäs20] and gives
an unconventional proof of the following classical theorem in combinatorics; see the refer-
ence for more applications.

Theorem 4.3.11 (Cayley). The number of trees on vertex set [n] (up to isomorphism as
labelled graphs) is nn−2.

Proof. Consider the following one-player game, that [Wäs20] calls padlock solitaire. We have
n boxes, each with a lock and a key. Key i opens Box i. All boxes start out locked. We keep
Key 1, and place each Key 2 up to Key n into a uniformly random box from Box 1 through
Box n.

Thus, at the beginning, we can open Box 1. It might contain some keys, letting us open
more boxes. We win the game if we can eventually retrieve all n keys (or equivalently even-
tually open every box), and lose otherwise. This outcome is random depending on the dis-
tribution of locks in boxes. Note that the total number of possible configurations of locks
and boxes is nn−1, since we place n− 1 locks each into a random one of n boxes.

Associated to a given configuration of locks and boxes, we can draw a “dependency
graph” on [n]: if Box i contains Key j, then we draw a directed edge from i to j, representing
that opening Box i allows us to open Box j later as well. The structure of this graph is that
Vertex 1 has no inbound edges, since we have kept Key 1 at the beginning. Every other
vertex has exactly one inbound edge. A winning configuration is exactly one where there
is a directed path from Vertex 1 to every other vertex. On the other hand, by the above
constraints, the connected component of Vertex 1 is a directed tree, rooted at Vertex 1, with
all edges directed away from that root. Thus, if T(n) is the number of labelled trees we want
to count, then we have exactly

P[winning] = T(n)
nn−1

,

and thus
T(n) = nn−1 · P[winning],

so calculating the probability of winning will precisely solve our problem.
Let us fix a specific order in which we open the boxes: at each step, if we have any

unused keys, we open the box associated to the key of lowest index that we have (e.g., if Box
1 contains Keys 4, 6, and 7, then in the first step we open Box 1, and then open Box 4). Let
Sj ⊆ [n] be the (random) set of indices of keys we have collected after we have opened j
boxes, and Kj = |Sj| be the number of such keys, with S0 = ∅ and so K0 = 0. Then, define

Mj := n−Kj
n− j =

1
n− j

n∑
i=1

1{i ∉ Sj}.

Since at time j we have opened j boxes, this is the number of keys we do not have divided
by the number of boxes we have not opened (in which all of the keys we do not have are
contained), or the average number of missing keys per unopened box.
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Let Fj := σ(S0, . . . , Sj). We then claim that (Mj) is a martingale with respect to the
filtration (Fj). Indeed, we have

E[Mj | Fj−1] =
1

n− j

n∑
i=1

E[1{i ∉ Sj} | Fj−1]

= 1
n− j

n∑
i=1

P[i ∉ Sj | Fj−1]

Since Sj ⊇ Sj−1, for i ∈ Sj−1 this probability is zero, and we may restrict to

= 1
n− j

∑
i∈[n]\Sj−1

P[i ∉ Sj | Fj−1]

But now, before opening the jth box, each key i ∉ Sj−1 that we do not have is located in a
uniformly random one of the n− (j − 1) unopened boxes, and so

= 1
n− j

∑
i∈[n]\Sj−1

(
1− 1

n− (j − 1)

)

= 1
n− j · (n−Kj−1) ·

(
1− 1

n− (j − 1)

)

= 1
n− j · (n−Kj−1) ·

(
n− j

n− (j − 1)

)

= n−Kj−1

n− (j − 1)
= Mj−1.

Now let us describe the stopping time T when we are forced to stop playing. This hap-
pens either when we have collected all of the keys, Kj = n, or when the number of boxes
we have opened equals the number of keys we have, Kj = j, so there are no more boxes to
open. In the first case we have won and we have Mj = 0, while in the second we have lost
and have Mj = 1. Thus, since M0 = n−1

n , by Theorem 4.3.5 we have

n− 1
n

= EM0 = EMT = 1− P[winning],

thus we find

P[winning] = 1− n− 1
n

= 1
n
,

and the result follows.

4.4 Convergence of Martingales

4.4.1 Almost Sure Convergence

We now prove the following fundamental result about the convergence of submartingales
and supermartingales under a relatively mild condition.
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Theorem 4.4.1 (Doob almost sure martingale convergence). Suppose (Mn) is a sub/su-
permartingale that is bounded in L1, i.e., such that supn E|Mn| <∞. Then, there exists a
random variable M∞ ∈ L1 such that Mn → M∞ almost surely.

Before giving the proof, let us see what this says about our discussion of gambling strate-
gies from Section 4.2.5.

Corollary 4.4.2. Suppose (Mn) is a supermartingale that is bounded below, i.e., such
that, for some C > 0, Mn ≥ −C almost surely for all n ≥ 0. Then, there exists a random
variableM∞ ∈ L1 such thatMn → M∞ almost surely, and further EM∞ ≤ infn EMn ≤ EM0.

Proof. Under the boundedness assumption, we have

|Mn| ≤ 2C +Mn,

and therefore, together with the monotonicity of expectations for supermartingales,

E|Mn| ≤ 2C + EMn ≤ 2C + EM0.

Thus, Theorem 4.4.1 applies and gives the existence of M∞ satisfying the needed condition.
Further, by Fatou’s Lemma we have, again using the boundedness,

EM∞ = E lim inf
n→∞

Mn

≤ lim inf
n→∞

EMn

and, since for a supermartingale this is a non-increasing sequence, we have

= inf
n
EMn

≤ EM0,

as claimed.

Since any martingale is a supermartingale, this applies to any martingale transform H • S of
the simple random walk process S = (Sn). In particular, you can read this result as saying
that, if your betting strategy H is such that you make sure (by any mechanism you like) that
you never lose an amount of money more than C > 0, then your sequence of profits must
eventually converge (i.e., you must gradually diminish the size of your bets over time), and
you cannot win money on average.

Relatedly, note that it is not necessarily the case that EM∞ = E limn→∞Mn = limn→∞ EMn,
as for instance the geometric random walk example we saw earlier shows. Later we will
address separately when this happens, which is a consequence of a stronger mode of con-
vergence for Mn → M∞, namely convergence in L1.

Towards the proof of Theorem 4.4.1, let us describe some objects that allow us to talk
about the convergence of a sequence. Our general idea is control convergence by controlling
the oscillations of a sequence of numbers.
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To that end, we introduce the following times associated to a general sequence (Mn): for
a given a < b ∈ R,

N0 := −1,
N2k−1 := min{n ≥ N2k−2 : Mn ≤ a} for each k ≥ 1,
N2k := min{n ≥ N2k−1 : Mn ≥ b} for each k ≥ 1.

Said in words, each odd-indexed time N1, N3, N5, . . . is the first time after the previous
even-indexed time that our sequence drops below level a, and each even-indexed time
N2, N4, N6, . . . is the first time after the previous odd-indexed time that our sequence rises
above level b.

We call each interval [N2k−1, N2k] for k ≥ 1 an upcrossing of the interval [a, b] by our
sequence, for obvious reasons. Further, we define

Un = Un(a, b) := max{k : N2k ≤ n},
U∞ = U∞(a, b) := lim

n→∞
Un(a, b).

These are respectively the number of complete upcrossings that have occurred by time n,
and the total number of upcrossings (possibly infinite) over all time.

Our first Lemma towards the main proof relates the U∞(a, b) to the event that Mn con-
verges:

Lemma 4.4.3. Suppose that, for all a < b ∈ R, we have P[U∞(a, b) < ∞] = 1. Then, we
also have P[limn→∞Mn exists] = 1, where we allow for this limit to be ±∞.

Proof. We relate the event that limn→∞Mn does not exist to a countable union of events
related to U∞(a, b), by restricting our attention to a < b ∈ Q:

P[ lim
n→∞

Mn does not exist]

= P[lim inf
n→∞

Mn Ú lim sup
n→∞

Mn]

= P[there exist a < b ∈ Q such that lim inf
n→∞

Mn < a < b < lim sup
n→∞

Mn]

≤ P[there exist a < b ∈ Q such that U∞(a, b) = ∞]
= 0

by assumption, since the last event is a countable union of events of probability zero.

Next, we develop a quantitative tool to control the number of upcrossings, which will let
us verify the condition of Lemma 4.4.3.

Lemma 4.4.4 (Doob upcrossing lemma). SupposeMn is a supermartingale. Then, for all
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n ≥ 1 and a < b ∈ R,

EUn(a, b) ≤
E(Mn − a)−
b − a ≤ |a| + E|Mn|

b − a .

We will use the following fact that is easy to verify from the definition of the times Ni:

Proposition 4.4.5. The Ni for each i ≥ 1 are all stopping times.

Proof of Lemma 4.4.4. The argument is a lovely “financial proof”, arguing that on the one
hand, a supermartingale is a “losing game”, in the sense that we do not expect to be able to
profit by betting on it. On the other hand, when a process has many upcrossings, we can
profit from it by “buying low and selling high.”

To implement this idea, consider the sequence

Hn := 1{n ∈ (N2k−1, N2k] for some k ≥ 1}.

Roughly speaking, up to careful treatment of the boundary conditions, this is the indicator
that the time n occurs during an upcrossing. By Proposition 4.3.2, the treatment of the
boundary conditions is such that Hn is predictable. Also, Hn ≥ 0. So, by Proposition 4.2.2,
H •M is a supermartingale, and in particular

E(H •M)n ≤ E(H •M)0 = 0.

This formalizes the first part of our intuitive argument above, that we cannot make money
by betting (in this case, according to the strategy H) on the supermartingale M .

We now argue that if Un(a, b) is large then so is (H • M)n. Indeed, we have, letting
u = Un(a, b),

(H •M)n =
n∑
i=1

Hi(Mi −Mi−1)

=
N2∑

i=N1+1

(Mi −Mi−1)+ · · · +
N2u∑

i=N2u−1+1

(Mi −Mi−1)+
n∑

i=N2u+1+1

(Mi −Mi−1)

Here, the last sum might be empty, in which case we view it as being zero. Continuing by
telescoping these sums,

= (MN2 −MN1)+ · · · + (MN2u −MN2u−1)+ 1{n > N2u+1}(Mn −MN2u+1)

Each of the first u differences is at least (b − a) by definition of the times Ni, so we have

≥ u · (b − a)− (Mn −MN2u+1)
−

and since MN2u+1 ≤ a and u = Un(a, b), we have

≥ Un(a, b) · (b − a)− (Mn − a)−.
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Taking expectations and combining our two observations,

0 ≥ E(H •M)n ≥ (b − a)EUn(a, b)− E(Mn − a)−,

and rearranging gives the result.

Finally, by putting together our two Lemmas, we are ready for the proof of the main
result, which is quick using these tools.

Proof of Theorem 4.4.1. If (Mn) is a martingale, then it is also a supermartingale, and if (Mn)
is a submartingale, then (−Mn) is a supermartingale, so without loss of generality we may
assume that (Mn) is a supermartingale. Suppose that K := supn E|Mn|, which is finite by
assumption.

By Lemma 4.4.4, for all a < b ∈ R and n ≥ 1, we have

EUn(a, b) ≤
|a| + E|Mn|
b − a ≤ |a| +K

b − a .

In particular, this bound is independent of n. Also, Un(a, b) are non-negative random vari-
ables that increase to U∞(a, b), so by the monotone convergence theorem we have

EU∞(a, b) ≤
|a| +K
b − a <∞.

In particular then, U∞(a, b) <∞ almost surely.
Thus, the condition of Lemma 4.4.3 is satisfied. So, we obtain that limn→∞Mn =: M∞

exists almost surely, though a priori it may be ±∞. But, by Fatou’s Lemma we also have

E|M∞| = E lim
n→∞

|Mn| ≤ lim inf
n→∞

E|Mn| ≤ K <∞,

thus M∞ ∈ L1 and is finite almost surely.

4.4.2 L1 Convergence and Uniform Integrability

We recall the definition of Lp norms of random variables, which we will use throughout the
next few sections:

Definition 4.4.6. For X a random variable and p ≥ 1, we write

‖X‖Lp := (E|X|p)1/p

and Lp = {X : ‖X‖p <∞}. We say that Xn
Lp
----------------------------→ X∞ if ‖Xn −X∞‖Lp → 0.

As we saw above, even when limn→∞Mn exists almost surely, Theorem 4.4.1 does not
distinguish whether we have the convergence of expectations

E lim
n→∞

Mn
(?)= lim
n→∞

EMn.

We will probe this question instead from the point of view of modes of convergence, asking
when beyond convergence almost surely we have convergence in Lp for various p. The
following justifies why this is just a slightly stronger version of the above question, and we
will see more connections below.
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Proposition 4.4.7. If X1, X2, . . . , X∞ ∈ L1 and Xn
L1

------------------------→ X∞, then EXn → EX∞.

Proof. We have |EXn − EX∞| ≤ E|Xn −X∞| = ‖Xn −X∞‖L1 → 0.

In fact, for the case of L1 convergence, we can use tools mostly unrelated to martingales
to understand the stronger mode of convergence quite precisely.

Definition 4.4.8. (Xn) are uniformly integrable (UI) if

lim
t→∞

sup
n
E
[
|Xn| · 1{|Xn| ≥ t}

]
= 0.

One way to think of the UI condition is as being stronger than random variables being
bounded in L1, but weaker than random variables being dominated uniformly by a single L1

random variable, as the following propositions show.

Proposition 4.4.9. If (Xn) are UI then supn ‖Xn‖L1 <∞.

Proof. We have ‖Xn‖L1 ≤ t+E[|Xn| ·1{|Xn| ≥ t}] for all t > 0, and the right-hand side must
be finite for some t > 0 by the UI assumption.

Proposition 4.4.10. If there exists Z ∈ L1 such that |Xn| ≤ Z almost surely for all n ≥ 1,
then (Xn) are UI.

Proof. Without loss of generality Z ≥ 0 almost surely. We have E[|Xn| · 1{|Xn| ≥ t}] ≤
E[Z · 1{Z ≥ t}]. It remains to show that the right-hand side goes to 0 as t → ∞, a general
fact about integrable random variables, proved as follows. Write Z(t) := Z·1{Z ≥ t}. We have
Z(t) → 0 almost surely as t → ∞, and Z(t) ≤ Z ∈ L1. Thus, by the dominated convergence
theorem EZ(t) → 0 as required.

Thus the following result, which we will not prove here, should not be entirely surprising,
saying that in fact the UI condition is the “right” weakest condition under which we can apply
the dominated convergence theorem. See [Kle14, Section 6.2] or [Pol02, Section 2.8] for many
more details.

Theorem 4.4.11 (“Strong dominated convergence”). Let X1, X2, . . . , X∞ ∈ L1 and sup-

pose that Xn → X∞ almost surely. Then, Xn
L1

------------------------→ X∞ if and only if (Xn) are UI.

Note that, combined with Proposition 4.4.10, this indeed implies the usual dominated con-
vergence theorem, hence the name.

Applying this to martingales, we find the following.
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Theorem 4.4.12 (L1 martingale convergence). Suppose (Mn) is a sub/supermartingale
that is UI. Then, there exists a random variable M∞ ∈ L1 such that Mn → M∞ almost
surely and in L1.

Proof. By Proposition 4.4.9, supn ‖Mn‖L1 < ∞ and thus Theorem 4.4.1 applies to show that
there exists M∞ ∈ L1 such that Mn → M∞ almost surely. Then, Theorem 4.4.11 implies
convergence in L1.

It is natural to wonder how useful this result actually is, since it is not clear how to
conveniently check UI for concrete sequences of random variables. Below we describe a few
criteria that can be used in general or for martingales specifically.

Lemma 4.4.13. Suppose f : R≥0 → R≥0 has limx→∞
f(x)
x = ∞. If Ef(|Xn|) is bounded,

then (Xn) are UI.

Proof. We may bound

E[|Xn| · 1{|Xn| ≥ t}] = E

[
|Xn|
f(|Xn|)

· 1{|Xn| ≥ t} · f(|Xn|)
]

≤
(
sup
x≥t

x
f(x)

)
· E[f (|Xn|)],

and the second factor is bounded while the first goes to 0 as t →∞ by assumption.

Corollary 4.4.14. If supn ‖Xn‖Lp <∞ for any p > 1, then (Xn) are UI.

Proof. Apply Lemma 4.4.13 with f(x) = xp.

This is perhaps the most directly useful application, but others come in handy as well, for
instance the choice f(x) = x log(1+ x).

For martingales, a special property leads to the following useful condition.

Corollary 4.4.15. Suppose (Mn) is a martingale with M0 ∈ L2 and
∑∞
i=1 E(Mi −Mi−1)2 =∑∞

i=1 ‖Mi −Mi−1‖2
L2 <∞. Then, supn ‖Mn‖L2 <∞, and in particular (Mn) is UI.

Proof. We have Mn = M0+
∑n
i=1(Mi−Mi−1), so from the assumption it follows that Mn ∈ L2

for all n ≥ 0. The result follows by expanding EM2
n = ‖Mn‖2

L2 and using that, when Mn ∈ L2

for all n ≥ 0, we also have the property of uncorrelated increments,

E(Md −Mc)(Mb −Ma) = 0 for all 0 ≤ a ≤ b < c ≤ d,

which you may check as a simple exercise with the tower property.

62



4.4.3 Lp Convergence and Maximal Inequalities

The next result we show addresses the same question as above but for convergence in Lp. In
fact, the main result here is perhaps cleaner, not requiring us to introduce an extra condition
like uniform integrability.

Theorem 4.4.16 (Lp martingale convergence). Suppose (Mn) is a martingale, p > 1, and
supn ‖Mn‖Lp < ∞. Then, there exists M∞ ∈ Lp such that Mn → M∞ almost surely and in
Lp.

As one important detail, note that here it is important that we assume thatMn is specifically
a martingale, not just a sub/supermartingale.

As we will see in a moment, this follows essentially immediately from the following also
important inequality.

Theorem 4.4.17 (Lp martingale maximal inequality). Suppose (Mn) is a submartingale,
Mn ≥ 0 almost surely, and p > 1. Define

M∗n := max
0≤k≤n

Mk.

Then,

‖M∗n‖Lp ≤
p

p − 1
‖Mn‖Lp .

The following will be an important tool in the proof of Theorem 4.4.16 from Theo-
rem 4.4.17, and also will let us clarify part of the statement of the latter.

Proposition 4.4.18. Let f : R→ R be convex. Then, the following hold:

1. If (Mn) is a martingale and f(Mn) ∈ L1 for each n, then (f (Mn)) is a submartin-
gale.

2. If (Mn) is a submartingale, f(Mn) ∈ L1, for each n, and f is non-decreasing, then
(f (Mn)) is a submartingale.

Proof. The first property is immediate by Jensen’s inequality for conditional expectation:
almost surely, we have

E[f (Mn) | Fn−1] ≥ f(E[Mn | Fn−1]) = f(Mn−1).

For the second property, we use the same argument but at the end must use the monotonic-
ity of f that we add as an extra assumption, since we only have E[Mn | Fn−1] ≥ Mn−1.

Then, the following shows that the assumption that Mn ≥ 0 in Theorem 4.4.17 is without
loss of generality.
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Proposition 4.4.19. If (Mn) is a submartingale, then (M+n ) = (max{0,Mn}) is a sub-
martingale as well.

Proof. Use Proposition 4.4.18 with f(x) = max{0, x}.

We now prove the main result, Theorem 4.4.16, using Theorem 4.4.17, whose proof we
give afterwards.

Proof of Theorem 4.4.16. By Jensen’s inequality, supn ‖Mn‖L1 ≤ supn ‖Mn‖Lp < ∞, so Theo-
rem 4.4.1 applies to give that Mn → M∞ ∈ L1 almost surely (Theorem 4.4.12 may also be
applied via Corollary 4.4.14 to show convergence in L1 immediately, though that will not
directly help us here). Thus, it remains to upgrade this convergence to convergence in Lp.

The idea is to use the dominated convergence theorem. Write ∆n := |Mn −M∞|p, then
∆n → 0 almost surely and it suffices to construct Z ∈ L1 such that ∆n ≤ Z for each n. We
use

∆n ≤ (sup
n
|Mn| + |M∞|)p ≤ 2p(sup

n
|Mn|)p =: Z.

Thus it is enough to show Z ∈ L1, for which it is enough in turn to show that M∗ :=
supn |Mn| ∈ Lp.

Let us write, as before,
M∗n := max

0≤k≤n
|Mk|.

Then, we have that |M∗n |p ≥ 0 and these random variables increase almost surely to |M∗|p.
So, by the monotone convergence theorem, it suffices to show that supn E|M∗n |p < ∞. But,
by Theorem 4.4.17 together with Proposition 4.4.18 (on the convex function f(x) = |x|),
we have E|M∗n |p = ‖M∗n‖

p
Lp ≤ ( p

p−1)
p‖Mn‖pLp , which is bounded over all n by assumption,

completing the proof.

It remains to prove the Lp maximal inequality, Theorem 4.4.17. To do this, we will
produce a few preliminary tools.

Proposition 4.4.20. Suppose thatMn is a submartingale and T is a stopping time. Then,
for any n ≥ 0,

EM0 ≤ EMT∧n ≤ EMn.

Proof. The first inequality follows since MT∧n is a submartingale. For the second, define the
non-negative predictable process Hn := 1{T < n}. Then, H •M is a submartingale, and we
have (H •M)0 = 0 while (H •M)n = Mn −MT∧n. Thus,

0 = E(H •M)0 ≤ E(H •M)n = E[Mn]− E[MT∧n],

giving the result.

The following is another form of maximal inequality, that can be viewed as a “maximal
Markov inequality” to which we will reduce our Lp maximal inequality. It has uses beyond
this, one of which we discuss in Section 4.5.4 below in the context of concentration inequal-
ities.
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Lemma 4.4.21 (Doob maximal inequality). Suppose (Mn) is a submartingale with Mn ≥
0 alsmot surely, as before write

M∗n := max
0≤k≤n

Mk,

and let t > 0. Then,

P[M∗n ≥ t] ≤
E[Mn1{M∗n ≥ t}]

t
≤ EMn

t
.

Proof. Define the stopping time T := min{n : Mn ≥ t}. By Proposition 4.4.20, EMT∧n ≤ EMn.
Let us expand each of these expectations according to whether T has happened yet. We have

EMn = EMn1{M∗n ≥ t} + EMn1{M∗n < t},
EMT∧n = EMT∧n1{M∗n ≥ t} + EMT∧n1{M∗n < t}

and here in the first expectation we have MT∧n = MT ≥ t by definition, while in the second
we have MT∧n = Mn. Thus,

= EMT1{M∗n ≥ t} + EMn1{M∗n < t}
≥ tP[M∗n ≥ t]+ EMn1{M∗n < t}.

Thus EMT∧n ≤ EMn implies that

tP[M∗n ≥ t]+ EMn1{M∗n < t} ≤ EMn1{M∗n ≥ t} + EMn1{M∗n < t},

and rearranging gives the result.

Finally, we use Lemma 4.4.21 to prove the Lp maximal inequality, Theorem 4.4.17, thereby
also completing the proof of Theorem 4.4.16.

Proof of Theorem 4.4.17. As before, we write M∗n := max0≤k≤nMk ≥ 0. Further, fix a C > 0
and write Xn := M∗n ∧ C . We work with this Xn in order to avoid integrability issues, and at
the end take C →∞ to recover the result. We begin by using the identity xp =

∫ x
0 ptp−1 dt:

‖Xn‖pLp = EXpn

= E

[
p
∫ Xn

0
tp−1 dt

]

= pE
[∫∞

0
tp−11{Xn ≥ t}dt

]
and by Fubini’s theorem on the expectation and the integral (recalling that an expectation is
just another integral over a measurable space),

= p
∫∞

0
E[tp−11{Xn ≥ t}]dt

= p
∫∞

0
tp−1P[Xn ≥ t]dt

= p
∫ C

0
tp−1P[M∗n ≥ t]dt
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and now we are in position to use Lemma 4.4.21, which gives

≤ p
∫ C

0
tp−2E[Mn1{M∗n ≥ t}]dt

after which we reverse all of the previous steps:

= p
∫∞

0
tp−2E[Mn1{Xn ≥ t}]dt

using Fubini’s theorem again,

= pE
[∫∞

0
tp−2Mn1{Xn ≥ t}dt

]
= pE

[
Mn

∫∞
0
tp−21{Xn ≥ t}dt

]
= pE

[
Mn

∫ Xn
0
tp−2 dt

]

= pE
[
Mn
Xp−1
n

p − 1

]
= p
p − 1

E[MnX
p−1
n ]

Lastly, we use Hölder’s inequality to make this comparable to the expression we started
with,

≤ p
p − 1

(E|Mn|p)1/pE(|Xn|(p−1)· p
p−1 )

p−1
p

= p
p − 1

‖Mn‖Lp‖Xn‖
p−1
p
Lp ,

and rearranging this gives

‖Xn‖Lp ≤
p

p − 1
‖Mn‖Lp ,

and finally taking C → ∞ gives the result by using the monotone convergence theorem on
the left-hand side.

4.5 Application: Concentration Inequalities

Our first application is to concentration inequalities, which say that certain random variables
are unlikely to deviate far from their expectations. The general phenomenon of concen-
tration of measure may be summarized informally as follows. Suppose we have random
variables Xi ∈ Xi in some domain, and a function f : X1 × · · · × Xn → R. Under suitable
conditions, we expect that

P [ |f(X1, . . . , Xn)− Ef(X1, . . . , Xn)| > t]

should be small. It is reasonable to hope for this provided that:

1. f depends only weakly on any individual one of its inputs, and

2. the random variables Xi are only weakly dependent.
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4.5.1 Sums of Independent Variables: Hoeffding Inequality

The most classical example takes both assumptions to an extreme: it concerns the very
simple sum function f(x1, . . . , xn) =

∑n
i=1xi, and the random Xi being exactly indepen-

dent.

Theorem 4.5.1 (Hoeffding inequality). Let X1, . . . , Xn be independent random variables
with Xi ∈ [ai, bi] almost surely. Define Sn :=

∑n
i=1Xi. Then, for any t > 0,

P[|Sn − ESn| > t] ≤ 2 exp

(
− t2

2σ 2
prox

)
,

where

σ 2
prox =

1
4

n∑
i=1

(bi − ai)2.

As an example, suppose Xi ∼ Unif({±1}). Then ESn = 0 and ai = −1, bi = 1, so
σ 2

prox = n. The above bound becomes

P[|Sn| > t] ≤ 2 exp

(
− t

2

2n

)
,

or equivalently

P
[∣∣∣∣ Sn√n

∣∣∣∣ > s] ≤ 2 exp

(
−s

2

2

)
,

which makes it clear how this result is a non-asymptotic tail bound version of the central
limit theorem, since the right-hand side is close to the tail behavior of an N (0,1) random
variable.

The basic technique behind proving this and many other concentration inequalities might
be called the Chernoff or nonlinear Markov method. This involves applying Markov’s in-
equality after a suitable transformation of a probability, and also appears in Chebyshev-like
inequalities and many other settings.

Definition 4.5.2 (Moment generating function). For a random variable X ∈ R, we denote
its moment generating function φ : R→ R by

φX(λ) := E exp(λ(X − EX)).

Centering X in the definition is unconventional but will be convenient for us. With this, for
any random variable Y and λ > 0,

P[Y > t] = P[exp(λY) > exp(λt)] ≤ E exp(λY)
exp(λt)

= φY (λ)
exp(λt)

Thus we may bound tail probabilities by optimizing such an expression over λ. Particularly
conveniently, the numerator factors over sums of independent random variables, making
this a very useful device for sums of independent random variables.
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Proposition 4.5.3. If Y1 and Y2 are independent, then φY1+Y2(λ) = φY1(λ)+φY2(λ).

Building up to the proof of Theorem 4.5.1, we introduce the following class of random
variables and some of its basic properties. The following is a simple exercise to verify.

Proposition 4.5.4. If X ∼N (0, σ 2), then φX(λ) = exp(σ
2

2 λ
2).

This justifies the following term:

Definition 4.5.5 (Subgaussianity). We say that a random variable X is σ 2-subgaussian
if, for all λ ∈ R, φX(λ) ≤ exp(σ

2

2 λ
2). In this case, we call σ 2 the variance proxy.

The following is then immediate from Proposition 4.5.3:

Proposition 4.5.6. If X and Y are independent and σ 2- and τ2-subgaussian respectively,
then X + Y is (σ 2 + τ2)-subgaussian.

Finally, subgaussianity gives us the kinds of tail bounds we are trying to establish in Theo-
rem 4.5.1.

Proposition 4.5.7. If X is σ 2-subgaussian, then, for all t > 0,

P[|X − EX| > t] ≤ 2 exp

(
− t2

2σ 2

)
.

Proof. Using the Chernoff method on one tail (the other can be bounded by a symmetric
argument), we get

P[X − EX > t] = P[exp(λ(X − EX)) > exp(λt)]

= φX(λ)
exp(λt)

≤ exp

(
σ 2

2
λ2 − tλ

)

and choosing the minimizing value λ := t/σ 2 gives

= exp

(
− t2

2σ 2

)
,

as claimed.

The final ingredient is the following result, which shows that bounded random variables
are automatically subgaussian.

68



Lemma 4.5.8 (Hoeffding lemma). If X ∈ [a, b] almost surely, then X is 1
4(b − a)2-

subgaussian.

We will prove this in a moment, but let us first see how it implies the main result.

Proof of Theorem 4.5.1. By Lemma 4.5.8, each Xi is 1
4(bi − ai)2-subgaussian. Since they are

independent, by Proposition 4.5.6, Sn =
∑n
i=1Xi is σ 2

prox-subgaussian for σ 2
prox := 1

4

∑n
i=1(bi−

ai)2. Finally, the required bound then follows by Proposition 4.5.7.

To prove Lemma 4.5.8, we will need a few more tools. The following is a basic fact
about variances of bounded random variables that may be viewed as a “baby version”
of Hoeffding’s Lemma, bounding the variance by the same variance proxy that appears
there.

Proposition 4.5.9. Suppose that X ∈ [a, b] almost surely. Then, Var[X] ≤ 1
4(b − a)2.

Proof. We have

Var[X] = Var
[
X − b − a

2

]
≤ E

(
X − b − a

2

)2

≤
(
b − a

2

)2

,

giving the result.

Next we give a sufficient condition for the property of subgaussianity in terms of a new
object.

Definition 4.5.10 (Cumulant generating function). For a random variable X, we define
ψX(λ) := logφX(λ).

Proposition 4.5.11. Suppose that ψX is smooth and ψ′′X(λ) ≤ σ 2 for all λ ∈ R. Then, X
is σ 2-subgaussian.

Proof. We calculate

ψX(0) = logE exp(0) = 0,

ψ′X(0) =
E(X − EX) exp(λ(X − EX))

E exp(λ(X − EX))

∣∣∣∣
λ=0
= 0.

By Taylor’s theorem with a remainder estimate we then find ψX(λ) ≤ σ2

2 λ
2 for all λ ∈ R, and

thus φX(λ) = exp(ψX(λ)) ≤ exp(σ
2

2 λ
2), as required.
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Proof of Lemma 4.5.8. Without loss of generality we may assume EX = 0. Suppose X is
defined on the probability space (Ω,F ,P). For each λ ∈ R, let Qλ be another probability
measure on (Ω,F) such that

Lλ(ω) =
dQλ
dP

(ω) := exp(λX(ω))
E exp(λX(ω))

.

As an exercise you may check that, since the right-hand side is a non-negative random
variable of expectation 1, indeed this specifies a valid probability measure.

Now, note that the first few derivatives of ψX can be written in a way involving Qλ:

ψX(λ) = logE exp(λX),

ψ′X(λ) =
EX exp(λX)
E exp(λX)

=
∫
X(ω)Lλ(ω)dP(ω)

=
∫
X(ω)dQλ(ω)

= EQλ[X],

where we write EQ for the expectation under a different probability measure Q on the same
measurable space. In the same way, we find

ψ′′X(λ) =
EX2 exp(λX)
E exp(λX)

−
(
EX exp(λX)
E exp(λX)

)2

= EQλ[X
2]− (EQλX)2

= VarQλ[X].

Indeed, we will not need to use it here but if you continue in the same spirit you will find that
the higher derivatives of ψX evaluated at λ give the cumulants of X under the probability
measure Qλ.

In particular, under Qλ we still have X ∈ [a, b] almost surely. Thus, by Proposition 4.5.9
we have ψ′′X(λ) ≤ 1

4(b−a)2 for all λ, and so by Proposition 4.5.11 X is 1
4(b−a)2, as claimed,

completing the proof.

4.5.2 Martingale Generalization: Azuma Inequality

Surprisingly, the proof of Hoeffding’s inequality can be generalized to martingales, though
it seems like it uses the linearity of the sum function in an important way.

Theorem 4.5.12 (Azuma inequality). Let (Mn) be a martingale and suppose that its
increments satisfy ai ≤ Mi −Mi−1 ≤ bi almost surely for all i ≥ 1, for constants ai, bi ∈
R. Then, Mn −M0 is σ 2

prox-subgaussian with

σ 2
prox =

1
4

n∑
i=1

(bi − ai)2.
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In particular,

P[|Mn −M0| > t] ≤ 2 exp

(
− t2

2σ 2
prox

)
.

Proof. Without loss of generality we may assumeM0 = 0. We expand in the usual telescoping
series inside of the moment generating function:

φMn(λ) = E exp(λMn)

= E exp

λ n∑
i=1

(Mi −Mi−1)


and by the tower and factorization properties of conditional expectation,

= E

E
exp

λ n∑
i=1

(Mi −Mi−1)

∣∣∣∣Fn−1


= E

exp
λ n−1∑

i=1

(Mi −Mi−1)

E [exp(λ(Mn −Mn−1))
∣∣Fn−1

]
As an exercise you may verify that there is a version of Lemma 4.5.8 for conditional expec-
tations, which gives

≤ E

exp
λ n−1∑

i=1

(Mi −Mi−1)

 exp

(
λ2

2
· (bn − an)

2

4

)
= exp

(
λ2

2
· (bn − an)

2

4

)
φMn−1(λ).

Repeating this inductively, we get

φMn(λ) ≤ exp

λ2

2
· 1

4

n∑
i=1

(bi − ai)2
 ,

giving the result.

4.5.3 Functions of Independent Variables: McDiarmid Inequality

We now describe one of the main applications of Azuma’s inequality, to concentration of
general functions of independent random variables. Let X1, . . . , Xn be independent in ar-
bitrary domains Xi ∈ Xi, let f : X1 × · · · × Xn → R, and consider the random variable
f(X1, . . . , Xn). We will show that this concentrates around its mean, provided a certain
version of the principles described earlier hold. Since the Xi are exactly independent by
assumption, it remains to formalize some notion of f not depending too much on any of its
inputs, which we do next.
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Definition 4.5.13. Associated to f , define the quantities

δi(f ) := sup
x1,...,xn,x′i

|f(x1, . . . , xn)− f(x1, . . . , x′i, . . . , xn)|.

In words, δi(f )measures how much f can possibly change from changing input i arbitrarily.
In this sense, it is a discrete and worst-case notion of “derivative” with respect to the ith
coordinate.

Corollary 4.5.14 (McDiarmid inequality). If X1, . . . , Xn are independent random vari-
ables as above, then f(X1, . . . , Xn) is σ 2

prox-subgaussian, with

σ 2
prox =

n∑
i=1

δi(f )2.

Proof. Write X = (X1, . . . , Xn) ∈ X1 × · · · ×Xn. Consider the Doob martingale

Mi := E[f (X1, . . . , Xn) | X1, . . . , Xi].

We have Mn = f(X) and M0 = Ef(X), so Mn −M0 = f(X)− Ef(X).
We plan to use Azuma’s inequality on Mn. To control the increments, let X′1, . . . , X′n be

independent copies of the Xi, and write X(i) := (X1, . . . , Xi−1, X′i , Xi+1, . . . , Xn), which may be
interpreted as X with coordinate i resampled. We then have

Mi −Mi−1 = E[f (X) | X1, . . . , Xi]− E[f (X) | X1, . . . , Xi−1]

= E[f (X) | X1, . . . , Xi]− E[f (X(i)) | X1, . . . , Xi−1]

and since the second expression does not include Xi at all anymore, we may condition on
Xi without changing the value,

= E[f (X) | X1, . . . , Xi]− E[f (X(i)) | X1, . . . , Xi−1, Xi]

= E[f (X)− f(X(i)) | X1, . . . , Xi],

and thus |Mi−Mi−1| ≤ δi(f ) almost surely. The result then follows from Theorem 4.5.12.

4.5.4 Interaction with Maximal Inequalities

We mention one “upgrade” of such inequalities that is lesser known but sometimes useful.
The idea is to use Lemma 4.4.21 in the middle of a proof using the Chernoff method. In
particular, suppose that Mn is a martingale, and as before define

M∗n := max
0≤k≤n

Mk.

We have

P[M∗n ≥ t] = P[ max
0≤k≤n

Mk ≥ t]

= P[ max
0≤k≤n

exp(λMk) ≥ exp(λt)]
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But now, since f(t) = exp(λt) is a convex function, by Proposition 4.4.18 we have that
(exp(λMn)) is a non-negative submartingale, and we may use Lemma 4.4.21 to bound

≤ E exp(λMn)
exp(λt)

.

Thus, both Hoeffding’s inequality (Theorem 4.5.1) and Azuma’s inequality (Theorem 4.5.12)
can be upgraded to pertain not just to the value at time n of a random walk or martingale,
but to the maximum value taken up to time n. (This also applies to McDiarmid’s inequality,
but there does not seem to be any immediate application of applying this idea to a Doob
martingale.)

4.5.5 Example: Balls, Bins, and Multinomials

As an example, consider an experiment of throwingm balls independently and uniformly at
random into n bins. (This is actually a special case of the multinomial distribution discussed
in Section 2.3.3.) Let

Z := #{empty bins}.

A computation by linearity of expectation gives

EZ = n · P[bin 1 empty] = n ·
(

1− 1
n

)m
.

We will aim to show that Z concentrates around this expectation.
If Xj ∈ [n] denotes the index of the bin where ball j lands, we have

Z = f(X1, . . . , Xm)

and the Xi are independent. As is intuitively obvious, changing the location of a single ball
can only change the number of empty bins by at most 1, so δi(f ) ≤ 1 for all i ∈ [m]. Thus,
σ 2

prox =m in McDiarmid’s inequality, and we find

P
(∣∣∣∣Z −n(1− 1

n

)m∣∣∣∣ > t) ≤ 2 exp

(
− t

2

2m

)
.

Roughly speaking, we may summarize this by saying that, with high probability,

Z = n
(

1− 1
n

)m
±O(

√
m)

with high probability. In some regimes this gives quite strong notions of concentration. For
instance, if m = n, then EZ ≈ n/e, and we find

Z = n
e
±O(

√
n).
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4.6 Application: Random Series

One class of martingales for which the Lp convergence theorems are useful is sums of in-
dependent but not identically distributed random variables that converge to the values of
random infinite series. That is, let X1, X2, . . . be independent, and consider

Sn :=
n∑
i=1

Xi,

S∞ :=
∞∑
i=1

Xi

When does S∞ exist and how does it behave?
The following is one of the main theorems on random series, which we may prove easily

using martingale convergence theorems.

Theorem 4.6.1 (Kolmogorov two-series theorem). Suppose that, in the above setting,
Xi ∈ L2 and

∑∞
i=1 |E[Xi]| < ∞ and

∑∞
i=1 Var[Xi] < ∞. Then, Sn → S∞ ∈ L2 almost surely

and in L2.

Proof. Without loss of generality we may suppose EXi = 0. The result is then immediate
from the p = 2 case of Theorem 4.4.17, using that ‖Sn‖2

L2 = ES2
n =

∑n
i=1 Var[Xi].

An important special case is the construction and study of certain Gaussian processes.
For instance, we may build the Gaussian analytic function,

f(z) =
∞∑
k=0

gk√
k!
zk

where gk ∼ N (0,1) are i.i.d. It turns out to be possible to define this for all z ∈ C, yielding
a random holomorphic/analytic function (hence the name), but for the sake of simplicity let
us focus on z ∈ R. Theorem 4.6.1 implies that the limit defining f(z) exists almost surely
and is an L2 random variable.

But further, the decay of the 1/
√
k! coefficients is so fast that, as you may show as an

exercise, the series converges in any Lp. As a consequence of convergence in all Lp, as you
may again show as an exercise, we have for all ` ≥ 0 that the moments of f(z) are given by

Ef(z)` = lim
n→∞

E

 n∑
k=0

gk√
k!
zk
`

= lim
n→∞

E
g∼N (0,

∑n
k=0

1
k!z2k)

g`

= E
g∼N (0,

∑∞
k=0

1
k!z2k)

g`

= E
g∼N (0,exp(z2))

g`.
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Thus, by Lemma 2.2.1 on determining distributions by moments that we saw earlier, in fact
the infinite sum of Gaussian random variables f(z) itself has a Gaussian law,

Law(f (z)) =N (0, exp(z2)).

By similar methods you may probe the properties of vectors (f (z1), . . . , f (zk)), and so forth.
The martingale convergence theorems give a convenient tool to avoid many technicalities: by
calculations like the above, you may effectively work as though the result for manipulating
finite sums of Gaussian random variables also apply to infinite Gaussian series.

4.7 Application: Branching Processes

We now show how martingales can be applied to understand a central object in discrete
probability, the Galton-Watson branching process. This is the following simple model of
population growth. Let µ be a probability measure on Z≥0 representing the number of off-
spring each individual in the population has. Let Xn,i ∼ µ for i,n ≥ 1 be i.i.d. We define the
process (Zn) by

Z0 := 1,

Zn :=
Zn−1∑
i=1

Xn,i for n ≥ 1.

That is, the population at time n is determined by each individual in the population at time
n− 1 having a number of offspring distributed as µ.

We will study the question of how the long-term behavior of this process depends on the
distribution µ. To that end, we define the parameters

p(k) := P
X∼µ
[X = k],

m := E
X∼µ
[X] =

∞∑
k=0

k · p(k).

We assume that Xn,i ∈ L1, i.e., that m <∞.
Defining the filtration

Fn := σ(Xk,i : k ≤ n),

we see that (Zn) is adapted to (Fn).

4.7.1 Extinction

We say that the process (Zn) goes extinct if Zn = 0 for some n ≥ 1, in which case by
definition also ZN = 0 for all N ≥ n. Also, since Zn is integer-valued, this is equivalent to
having Zn → 0. We emphasize that these events are the same:

E := {Zn = 0 for some n ≥ 1} = {Zn = 0 for all n sufficiently large} = {Zn → 0}.
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We define the probability of extinction as

ρ := P[E].

We also set

En := {Zn = 0},
ρn := P[En],

the event and probability of extinction by time n.

Proposition 4.7.1. The ρn are non-decreasing in n, and ρ = limn→∞ ρn.

Proof. We have
E1 ⊆ E2 ⊆ · · · ⊆ E,

and further by the above

E =
∞⋃
n=1

En,

and the result follows by the continuity property of probability measures.

4.7.2 Associated Martingale and Convergence

We will see in a moment that the following normalization of Zn is a natural one:

Mn := Zn
mn .

Proposition 4.7.2. E[Zn+1 | Fn] =mZn, and thus E[Zn] =mn and Mn is a martingale.

Proof. Using similar tricks to what we have seen before in dealing with sums and integrals
with random quantities in the limits, we compute

E[Zn+1 | Fn] = E

 Zn∑
i=1

Xn+1,i

∣∣∣∣Fn


= E

 ∞∑
i=1

Xn+1,i1{i ≤ Zn}
∣∣∣∣Fn


=

∞∑
i=1

E[Xn+1,i1{i ≤ Zn} | Fn]

=
∞∑
i=1

1{i ≤ Zn}E[Xn+1,i | Fn]

=
Zn∑
i=1

E[Xn+1,i]

=mZn,
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as claimed. The only not quite rigorous step above is exchanging the infinite sum with the
conditional expectation, which you may verify using linearity of conditional expectation and
the monotone convergence theorem. That EZn = mn then follows by the tower rule and
induction, and that Mn is a martingale is immediate.

We then get the following result, which we will see is a powerful tool for reasoning about
the branching process, for free from our general theory.

Corollary 4.7.3. There exists a M∞ ∈ L1 such that Mn → M∞ almost surely.

Proof. We have Mn ≥ 0 and EMn = ‖Mn‖L1 = 1 by construction, so the result follows by
Theorem 4.4.1.

4.7.3 Subcritical Regime (m < 1)

We divide our subsequent analysis of the behavior of (Zn) and (Mn) into three cases accord-
ing to the value of m. The following describes the situation in the simplest case:

Theorem 4.7.4. If m < 1, then ρ = 1, i.e., Zn → 0 almost surely. Equivalently, almost
surely Zn = 0 for all sufficiently large n, and thus M∞ = limn→∞Mn = 0 almost surely as
well.

Proof. We have by Markov’s inequality

P[Zn > 0] = P[Zn ≥ 1] ≤ EZn =mn.

Thus
∑∞
n=1 P[Zn > 0] < ∞, so by the Borel-Cantelli lemma almost surely we have Zn > 0 for

only finitely many n.

4.7.4 Critical Regime (m = 1)

The next case is slightly but not that much more complicated:

Theorem 4.7.5. Suppose that m = 1. Then:

1. If p(1) = 1, i.e., Xn,i = 1 almost surely, then Zn = 1 almost surely for all n and
ρ = 0.

2. If p(1) < 1, then ρ = 1, Zn → 0 almost surely, and M∞ = 0 almost surely (indeed,
in this case Mn = Zn).

Proof. The first case is immediate from the definition of Zn. Suppose we are in the second
case. Since m = 1, Mn = Zn is a martingale, which by Corollary 4.7.3 converges almost
surely. On the other hand, since Mn is integer-valued, it can only converge if it is eventually
constant, so almost surely we have Mn = M∞ for all sufficiently large n.
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We consider the probability that this limit is some k ≥ 1: introducing parameters N,` to
be chosen later,

P[M∞ = k] = P[Mn = Zn = k for all n sufficiently large]
= lim
N→∞

P[Mn = Zn = k for all n ≥ N]

≤ lim
N→∞

P[ZN = · · · = ZN+` = k]

≤ lim
N→∞

P

 k∑
i=1

XN+1,i = · · · =
k∑
i=1

XN+`,i = k


= lim
N→∞

P
 k∑
i=1

X1,i = k
`

≤ (1− p(0)k)`.

Now, note that this holds for any ` ≥ 1, and since m = EX∼µX = 1 while P[X = 1] < 1, we
must have p(0) = P[X = 0] > 0, and thus taking ` → ∞ shows that P[M∞ = k] = 0. Thus,
indeed almost surely M∞ = 0.

4.7.5 Supercritical Regime (m > 1)

This case is more complicated, because very different behaviors are possible in the limit. It
is easy to see that, whenever p(0) > 0, extinction happens with some positive probability
ρ > 1; in particular, we already have Z1 = 0 with probability p(0). On the other hand,
at least some of the time we expect Zn ≈ EZn = mn, which when m > 1 is diverging
exponentially. While more detailed analysis is possible, here we will just try to understand
these two extreme behaviors.

First, we give a description of the probability of extinction. It turns out that there is
an elegant description in terms of a particular generating function. Here let us define X :=
X1,1 ∼ µ, a random variable having the offspring distribution.

Definition 4.7.6. Let Y ∈ Z≥0 be a random variable. Then, we define for t ∈ [−1,1]

ζY (t) := E[tY ] =
∑
k≥0

P[Y = k] · tk.

We call ζY the probability generating function (pgf) of Y .

Remark 4.7.7 (Generating functions and moment problems). We have previously discussed
the moment generating function (mgf), which looks quite similar,

φY (t) = E[exp(tY)].

Indeed, for t > 0 these are merely related by a change of variables,

∑
k≥0

P[Y = k] · tk = ζY (t) = φY (log t) =
∑
k≥0

EY k

k!
(log t)k.
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If the series defining φY (t) converges absolutely in an open interval containing t = 0,
we may expand this relation in power series in t (the assumption allowing us to expand
log(t) = log(ε + (t − ε))) and match up the coefficients. This gives equations, at first sur-
prising, that express the P[Y = k] explicitly in terms of the moments EY k, giving a direct
solution of the moment problem for such discrete random variables (of the kind discussed
in Section 2.2). This formula is most conveniently expressed in terms of the falling factorial
moments (Definition 2.2.8), in which case it takes the form

P[Y = k] = 1
k!

∞∑
n=0

(−1)n

n!
E[Yn+k].

Fora simple example, if Y ∼ Pois(λ), we may check that this is compatible with our Proposi-
tion 2.2.11: we have

1
k!

∞∑
n=0

(−1)n

n!
E[Yn+k] = 1

k!

∞∑
n=0

(−1)n

n!
λn+k = λ

k

k!

∞∑
n=0

(−λ)n
n!

= λ
k

k!
e−λ = P[Y = k].

See [Tak65] for more details.

One use of such generating functions is that they interact especially nicely with sums of
random numbers of random variables.

Proposition 4.7.8. Let N ∈ Z≥0 be random and X1, X2, · · · ∼ µ be i.i.d. and independent
of N . Define S :=

∑N
i=1Xi. Then,

ζS(t) = ζN(ζX1(t)) = (ζN ◦ ζX1)(t).

Proof. We have

ζS(t) = E[t
∑N
i=1 Xi]

= E

 ∞∑
n=1

1{N = n}t
∑n
i=1 Xi


=

∞∑
n=1

E

1{N = n}
n∏
i=1

tXi


=
∞∑
n=1

P[N = n] · (E[tX1])n

=
∞∑
n=1

P[N = n] · ζX1(t)
n

= ζN(ζX1(t)),

as claimed.

Applying this to branching processes gives an especially nice structure from the point of
view of such generating functions.
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Corollary 4.7.9. We have ζZn+1(t) = ζZn(ζX(t)) and ζZ0(t) = t, so ζZn(t) = ζ
(n)
X (t),

with the exponent (n) denoting repeated composition.

For the ρn whose limit is the extinction probability, we find:

Corollary 4.7.10. We have ρn = P[Zn = 0] = φZn(0) = φX(ρn−1) = φ(n)X (0).

Recalling that the extinction probability is ρ = limn→∞ ρn, we then see that ρ is the
limit of repeated applications of the same function φX . We should expect such repeated
applications to converge to a fixed point of φX , and indeed this is what happens, and further
this property exactly characterizes the extinction probability:

Theorem 4.7.11. Suppose that m > 1. Then, there is a unique ρ = [0,1) such that
φX(ρ) = ρ, and this ρ is exactly the extinction probability of the associated branching
process.

We note that the first part of the result is merely a fact about random variables X ∈ Z≥0 with
E[X] > 1.

Proof. Consider the value and first two derivatives of ζX :

ζX(t) =
∞∑
k=0

p(k)tk,

ζ′X(t) =
∞∑
k=1

kp(k)tk,

ζ′′X (t) =
∞∑
k=2

k(k− 1)p(k)tk.

Sincem = E[X] > 1, there must be some k ≥ 2 such that p(k) = P[X = k] > 0. In particular,
ζ′X and ζ′′X are both strictly positive on t > 0, so ζX is strictly increasing and strictly convex
on t ∈ [0,1]. Further, we have

ζX(0) = p(0) ∈ [0,1),

ζX(1) =
∞∑
k=0

p(k)

= 1,

ζ′X(1) =
∞∑
k=0

kp(k)

=m > 1.

Such a function has a unique fixed point on [0,1) (note that we must omit the upper end-
point 1 because ζX(1) = 1 is always another fixed point), and the iterates ρn = ζ(n)X (1) are a
strictly increasing sequence converging to this fixed point, whereby this ρ is the extinction
probability.
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Corollary 4.7.12. For any value of m, we have that p(0) = 0 if and only if ρ = 0 (i.e.,
almost surely the population does not go extinct).

Proof. We consider the three cases of m separately:

• If m > 1, the equivalence follows from Theorem 4.7.11 since the unique fixed point is
ρ = 0 if and only if p(0) = φX(0) = 0.

• If m = 1, the equivalence follows from Theorem 4.7.5 since in that case p(0) = 0 if
and only if p(1) = 1.

• Ifm < 1, then we never have ρ = 0 by Theorem 4.7.4 (since we always have ρ = 1), and
correspondingly we also never have p(0) = 0 since in that case X ≥ 1 almost surely
and m = E[X] ≥ 1.

So, the equivalence indeed holds in all cases.

Corollary 4.7.13. If m > 1, then we always have ρ < 1, i.e., the probability that the
population does not go extinct is 1− ρ > 0, a strictly positive probability.

Above we have given an explicit characterization of the probability ρ of extinction when
m > 1, which together with the simpler characterizations in Theorems 4.7.4 and 4.7.5 char-
acterizes ρ in all cases. Also, the last Corollary above says that whenm > 1 there is an event
of positive probability when the population does not go extinct. We now turn our attention
to the asymptotic behavior of Zn on this latter event.

By Corollary 4.7.3, we have that Mn = Zn/mn converges almost surely to some M∞.
However, it is still possible that M∞ = 0 almost surely, in which case we will have that Zn
grows asymptotically slower than mn. We will conclude our discussion by giving sufficient
conditions under which this does not happen, so that there is another event of positive
probability under which Zn grows comparably to its expectation EZn =mn.

Theorem 4.7.14. If Xn,i ∈ L2, then Mn → M∞ almost surely and in L2, and therefore
also in L1. In particular, EMn → EM∞, so EM∞ = 1, and M∞ is not almost surely equal to
zero. Therefore, there exist δ, ε > 0 and N ≥ 1 such that ε < P[Mn ≥ δ] = P[Zn ≥ δmn]
for all n ≥ N .

Proof. We argue that we may apply the L2 case of Theorem 4.4.16. This will imply the first
convergence statement provided we show that ‖Mn‖L2 is uniformly bounded. We compute:

‖Mn‖2
L2 = EM2

n

= 1
m2nEZ

2
n

= 1
m2nE[E[Z

2
n | Fn−1]]

= 1
m2nE

E

Zn−1∑
i=1

Xn,i

2 ∣∣∣∣Fn−1



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We omit the details of the next step, which you may verify as an exercise:

= 1
m2nE

[
Zn−1E[X2]+ Zn−1(Zn−1 − 1)m2

]
= 1
m2nE

[
Zn−1 Var[X]+ Z2

n−1m2
]

= 1
m2n ·m

n−1 · Var[X]+ E[M2
n−1]

= Var[X]
mn+1

+ ‖Mn−1‖2
L2

and, unfolding the recursion

≤ Var[X]
∞∑
n=0

1
mn ,

a finite upper bound. Thus, Theorem 4.4.16 applies to give that Mn → M∞ in L2, and the
other results follow immediately.

In fact, it is possible to give a “sharp” version of such a result, which is important and
often cited in more advanced literature on branching processes.

Theorem 4.7.15 ([KS66]). If m > 1, then M∞ is not almost surely equal to zero if and
only if E[X log(1+X)] <∞.

Both this result and Theorem 4.7.14 require some care in their interpretation. They may
seem puzzling at first because they say that provided that the offspring random variables X
are “small” then Zn grows somewhat quickly. However, the point is that if E[X log(1+X)] =
∞, then X is very heavy-tailed, and the size of the mean m is driven by very rare outcomes
of X. Thus,m is quite large while Zn usually grows more slowly, and thusMn = Zn/mn → 0.
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5 | Markov Chains

5.1 Motivation

A Markov chain can be viewed as a general type of stochastic process that obeys the basic
logic of time we observe in physics: if you know the present configuration of a system, then
learning about its past does not help you in determining the future.

You have probably seen the definition for a finite or countable state space S: a Markov
chain is a sequence of random variables (Yn)n≥0 ∈ S satisfying the Markov property that

P[Yn+1 = j | Yn = i, Yn−1 = in−1, . . . , Y1 = i1, Y0 = i0] = P[Yn+1 = j | Yn = i] =: pn+1(i, j).
(5.1.1)

In this case the functions pn : S × S → [0,1] are called transition kernels. We focus here on
the time-homogeneous case, where these pn = p are all the same.

The following are some examples we have seen already in the class, as well as one im-
portant one that we have not (yet).

Example 5.1.1 (Random walk). Consider the simple random walk Yn =
∑n
i=1Xi for Xi ∼

Unif({±1}) drawn i.i.d. We may view this as a Markov chain on the state space S = Z,
with transition kernel

p(i, j) =


1
2 if j = i+ 1,
1
2 if j = i− 1
0 otherwise

 .

Example 5.1.2 (Branching process). The branching process we saw earlier, Zn =
∑Zn−1
i=1 Xn,i

for Xn,i ∼ µ i.i.d. for µ a probability measure on Z≥0, may be viewed as a Markov chain
on the state space S = Z≥0. The transition kernel now depends on µ and may be sum-
marized conveniently in terms of the convolution operation:

p(i, j) = P

 i∑
a=1

X1,i = j
 = µ ∗ µ ∗ · · · ∗ µ︸ ︷︷ ︸

i times

(j).

Example 5.1.3 (Random walk on graph). A kind of example we have not yet seen takes
values that are not numbers. Suppose G = (V , E) is a finite simple graph. The simple
random walk is the stochastic process of random variables (Yn)n≥0 taking values Yn ∈ V
and starting from some Y0 = v0 where, to form Yn for each n ≥ 1, we choose a random
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neighbor of Yn−1 in G. This is a Markov chain on state space S = V , whose transition
kernel may be written

p(i, j) =
{ 1

degG(i)
if {i, j} ∈ E,

0 otherwise

}
.

As we will return to later, in this case the transition kernel can be usefully viewed as
a matrix P ∈ RV×V , which is then P = D−1A for A the adjacency matrix of G and
D = diag(degG(i))i∈V .

5.2 Measure Theory Toolkit

5.2.1 Carathéodory Extension Theorem

We first review the basic ideas of constructing probability measures on product spaces. Let
(Ω,F) be a measurable space and I be some other set. We denote by Pow(Ω) the power set
of Ω, the set of all subsets.

Definition 5.2.1 (Cylinder set). Let i1, . . . , im ∈ I and B1, . . . , Bm ∈ F . A set of the form

{ω ∈ ΩI :ωia ∈ Ba for each a ∈ [m]}

is called a cylinder set. We denote the set of cylinder sets by C(Ω, I) ⊆ Pow(Ω).

Recall that we define the product σ -algebra F I to be the one generated by (i.e., the
smallest one containing) all cylinder sets in ΩI . We denote this F I = σ(C(Ω, I)). Further,
the following important result says that any consistent assignment of measure values to
C(Ω, I) can be extended to a probability measure.

Theorem 5.2.2 (Carathéodory). Let µ : C(Ω, I) : [0,1] be countably additive on disjoint
cylinder sets whose union is another cylinder set, and have µ(Ω) = 1. Then, there exists
a unique extension of µ to a probability measure on F I .

We will see one way to prove the uniqueness part below in Corollary 5.2.9.

5.2.2 Kolmogorov Extension Theorem

The following is a close relative of the Carathéodory extension theorem, that lets us in-
stead extend sequences of finite-dimensional marginal probability distributions to infinite-
dimensional ones.

Theorem 5.2.3 (Discrete Kolmogorov extension). Suppose (Ω,F) is a measurable space
and, for each n ≥ 1, µn is a probability measure on (Ωn,Fn). Suppose that these satisfy
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the compatibility property that, for each 1 ≤m < n and A1, . . . , Am ∈ F ,

µn(A1 × · · · ×Am ×Ω × · · · ×Ω︸ ︷︷ ︸
n−m times

) = µm(A1 × · · · ×Am).

Then, there exists a unique probability measure P on (ΩN,FN) such that, for all m ≥ 1
and all A1, . . . , Am ∈ F ,

P[A1 × · · · ×Am ×Ω ×Ω × · · · ] = µm(A1 × · · · ×Am).

5.2.3 π -λ Theorem

Let Ω be a set. We write Pow(Ω), sometimes denoted 2Ω, for the power set of all subsets of
Ω. Recall that a σ -algebra F ⊆ Pow(Ω) may be defined as any set of subsets that contains
Ω, is closed under complements, and is closed under countable intersections or unions. The
following are two different weakenings of this notion:

Definition 5.2.4 (π -system). We say Π ⊆ Pow(Ω) is a π -system if it is closed under finite
intersections.

Definition 5.2.5 (λ-system). We say Λ ⊆ Pow(Ω) is a λ-system if Ω ∈ Λ and Lambda is
closed under complement and countable union of disjoint sets.

The following is the first tool that goes along with these notions.

Theorem 5.2.6 (Dynkin π -λ theorem). Suppose that Π is a π -system, Λ is a λ-system,
and Π ⊆ Λ. Then, σ(Π) ⊆ Λ.

We will use this with the following particular choice of Π, called the π -system of cylinder
sets.

Proposition 5.2.7. Let (Ω,F) be a measurable space and I be another set. Define the
set

Π :=
{{
ω ∈ ΩI :ωia ∈ Ba for all a = 1, . . . ,m

}
:m ≥ 1, i1, . . . , im ∈ I, B1, . . . , Bm ∈ F

}
⊆ Pow(ΩI).

Then, Π is a π -system.

The following is then immediate from Theorem 5.2.6.
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Corollary 5.2.8. In the setting of Proposition 5.2.7, suppose that Λ is a λ-system on ΩI .
Let Π be the π -system of cylinder sets. If Π ⊆ Λ, then F I ⊆ Λ (here F I is the product
σ -algebra, which equals σ(Π) by definition).

The pattern by which we use this result is that, if we want to show that some property holds
for all of F I , then it suffices to show that it holds for cylinder sets by hand, and then show
the closure properties (under complement and disjoint countable union) that show that the
set of sets for which the property holds is a Λ-system.

One important application is the following, essentially the same as the uniqueness clause
of both the Kolmogorov and Carathéodory extension theorems, stating that a probabil-
ity measure on a product space is uniquely determined by its values on cylinder sets.

Corollary 5.2.9. Let µ, ν be two probability measures on (ΩI ,F I) and let Π be the π -
system of cylinder sets. If µ(A) = ν(A) for all A ∈ Π, then µ = ν .

Proof. Let Λ := {A ∈ F I : µ(A) = ν(A)}. By the properties of probability measures Λ is a
λ-system, and Π ⊆ Λ by assumption. The result then follows by Corollary 5.2.8.

5.2.4 Monotone Class Theorem

The following can be viewed as an analog of the π -λ theorem for functions.

Theorem 5.2.10 (Monotone class theorem). Let Π be a π -system on Ω such that Ω ∈ Π.
Suppose thatH ⊆ {h : Ω → R} is a set of functions satisfying the following:

1. If A ∈ Π, then 1A ∈H .

2. If h1, h2 ∈ H and c1, c2 ∈ R then c1h1 + c2h2 ∈ H (i.e., H is closed under linear
combinations).

3. If hn, h : Ω → R≥0 are bounded and non-negative, and hn increase pointwise to h,
then h ∈H (i.e.,H is closed under bounded and monotone limits).

Then,H contains all bounded measurable functions h : Ω → R.

5.3 Definition, Existence, and Uniqueness

We will define and construct discrete-time Markov chains on a general measurable state
space (S,G). The simple Markov property for countable state spaces from (5.1.1) is sensible
to generalize as follows. First, we choose a filtration (Fn)n≥0 of G and suppose (Yn)n≥0 is
adapted to this filtration. Then, we ask that, for each A ∈ G,

P[Yn+1 ∈ A | Fn] = P[Yn+1 ∈ A | Yn]
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By Lemma 3.2.1, we expect such a random variable to be a function of Yn, and thus for some
p : S ×G → [0,1] we will have

= p(Yn, A). (5.3.1)

However, we now run into the same issues discussed in Section 3.6, namely that it is not
necessarily always possible to parametrize conditional probabilities such that this function
p has some very basic reasonable properties. On the other hand, in this case we will usually
think of ourselves as being given a function p that defines a Markov chain, so we may simply
define a “valid” p to have these basic properties. They are as follows:

Definition 5.3.1. A function p : S ×G → [0,1] is a (Markov) transition kernel if:

1. For all y ∈ S, the function A, p(y,A) is a probability measure on (S,G).

2. For all A ∈ G, the function y , p(y,A) is a measurable function S → [0,1].

We also denote py(A) := p(y,A), so that each py is a probability measure.

This is a slightly milder version of Definition 3.6.1 that we encountered earlier.
With this, we may also define a Markov chain. Intuitively, a Markov chain is supposed

to be the law of a process where we first draw Y0 ∼ µ0 for some probability measure µ0 on
(S,G), and then repeatedly draw Yn ∼ pYn−1 . This is not an entirely rigorous formulation
when we want to describe sampling an infinite string (Yn)n∈N, so instead we ask for (5.3.1)
to hold, which is a more formal way of asking for the same structure.

Definition 5.3.2. (Yn) is a Markov chain with respect to the filtration (Fn) having tran-
sition kernel p and initial distribution µ0 if:

1. (Yn) is adapted to (Fn).

2. Law(Y0) = µ0.

3. P[Yn+1 ∈ A | Fn] = p(Yn, A) almost surely for each n ≥ 0 and A ∈ G. We call this
the weak Markov property.

We call (µ0, p) the data of the Markov chain.

The main result we will show is the following, stating that we may construct an essen-
tially unique Markov chain with any given initial distribution and transition kernel.

Theorem 5.3.3. Let µ0 be a probability measure on (S,G) and p : S ×G → [0,1] a tran-
sition kernel. Then, there exists a probability space (Ω,F ,P) and a family of random
variables Yn : Ω → S such that (Yn)n∈N is a Markov chain with data (µ0, p). Further, if
(Y ′n)n∈N is another such Markov chain, then Law((Yn)n∈N) = Law((Y ′n)n∈N).
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Proof. We construct µn that we hope to be a suitable law for (Y0, . . . , Yn) ∈ Sn+1 and then
invoke the Kolmogorov extension theorem, Theorem 5.2.3. We do this by induction. First,
we are forced to choose Y0 = µ0. Now, if the weak Markov property is to hold, on cylinder
sets we must have

P[(Y0, . . . , Yn) ∈ A0 × · · · ×An]
= P[Y0 ∈ A0, . . . , Yn ∈ An]
= E[1{Y0 ∈ A0} · · ·1{Yn ∈ An}]
= E[E[1{Y0 ∈ A0} · · ·1{Yn ∈ An} | Fn−1]]
= E[1{Y0 ∈ A0} · · ·1{Yn−1 ∈ An−1}P[Yn ∈ An | Fn−1]]
= E[1{Y0 ∈ A0} · · ·1{Yn−1 ∈ An−1}p(Yn−1, An)]. (weak Markov property)

In integral notation and rewriting in terms of the marginal distributions µn, we then expect
the µn to satisfy

µn(A0 × · · · ×An) =
∫
(y0,...,yn−1)∈A0×···×An−1

p(Yn−1, An)dµn−1(y0, . . . , yn−1)

=
∫
(y0,...,yn−1)∈A0×···×An−1

dµn−1(y0, . . . , yn−1)
∫
yn∈An

dpyn−1(yn).

We take the above to be the recursive definition of the µn on cylinder sets, which, by the
Carathéodory extension theorem, Theorem 5.2.2, determines unique probability measures
µn (you may check the additivity condition as an exercise). This definition is also sometimes
written fully expanded, as

µn(A0 × · · · ×An) =
∫
y0∈A0

dµ0(y0)
∫
y1∈A1

dpy0(y1) · · ·
∫
yn∈An

dpyn−1(yn),

which is equivalent.
Next, we plan to use the Kolmogorov extension theorem, Theorem 5.2.3, to build P from

these µn. To check the compatibility condition, note that, by definition,

µn(A0 × · · · ×An−1 × S)

=
∫
(y0,...,yn−1)∈A0×···×An−1

p(Yn−1, S)dµn−1(y0, . . . , yn−1)

=
∫
(y0,...,yn−1)∈A0×···×An−1

dµn−1(y0, . . . , yn−1) = µn−1(A0 × · · · ×An−1),

and the more general form follows inductively.
Thus Theorem 5.2.3 applies and gives that there is a probability space (Ω,F ,P) and

random variables Yn such that Law((Y0, . . . , Yn)) = µn. By our construction of µn above
it then follows that these satisfy Law(Y0) = µ0. And, Theorem 5.2.3 actually gives such a
realization with Ω = SN where the random variable Yn is just the nth coordinate of ω ∈ SN,
i.e., a realization ω ∈ SN is itself the string (Yn)n∈N. We have seen above that the weak
Markov property uniquely specifies the marginal distributions µn of Law((Yn)n∈N), and thus
the uniqueness of this law follows from the uniqueness clause of Theorem 5.2.3, provided
P satisfies the weak Markov property.
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It remains to check that the weak Markov property actually holds. Recall that this asks
that, for all n ≥ 1 and all A ∈ G,

P[Yn ∈ A | Fn−1]
(?)= p(Yn−1, A) almost surely.

By the definition of conditional expectation, this asks that, for all B ∈ Fn−1, we have

E[1{B}1{Yn ∈ A}]
(?)= E[1{B}p(Yn−1, A)]. (5.3.2)

Our definition of the µn above shows that this is satisfied for cylinder sets B = A0 × · · · ×
An−1. To extend it to general B ∈ Fn−1, we use the π -λ theorem, Theorem 5.2.6. In partic-
ular, the result follows by Corollary 5.2.8 using the above observation, once we check that
the sets B ∈ Fn−1 that satisfy (5.3.2) are a λ-system, which you may do as an exercise.

Definition 5.3.4. We write Pµ0 for the unique law of (Yn)n∈N a Markov chain with data
(µ0, p), keeping the dependence on the transition kernel p implicit. We write Eµ0 for
the expectation with respect to Pµ0 . And, we define Px := Pδx and Ex := Eδx .

The following intuitive result says that a Markov chain started from a random point
has the law of a mixture of Markov chains started from deterministic points with suitable
weights. It is another nice exercise in using the π -λ theorem.

Proposition 5.3.5. Suppose A ∈ GN (so A ⊆ SN). Then, for any µ0 a probability measure
on S,

Pµ0[A] =
∫
Py[A]dµ0(y). (5.3.3)

Proof. Let Λ ⊆ GN be the set of all A for which (5.3.3) holds. Λ contains every cylinder set A
by the definition of the µn in our construction, and is a λ-system by standard properties of
probability measures. The result then follows by Corollary 5.2.8.

5.4 Markov Properties

Let us write Y = (Y0, Y1, . . . ) ∈ SN for the entire string of outcomes of a Markov chain. The
weak Markov property may be written as the statement that, for all A ∈ G,

E
Y ∼Pµ0

[1{Yn+1 ∈ A} | Fn] = p(Yn, A) = E
Z∼PYn

[1{Z1 ∈ A}].

Here the second expectation involves drawing from the random measure PYn indexed by the
random variable Yn. It requires a bit of care to make sure that an expectation with respect to
such a random measure actually satisfies the measurability property required of a random
variable, but you may check that this follows from the measurability condition we impose
on Markov transition kernels.
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Another way to write this property is to introduce the operator

shiftm(Y ) := (Ym, Ym+1, . . . ).

Recall that, in our construction of Markov chains, we may as well view (SN,GN) = (Ω,F)
to be the measurable space we are working over. Then, any given measurable function
F : SN → R, which we may think of as a function F(Y ) of the outcome of the Markov chain,
is actually itself a random variable. Likewise, F ◦ shiftm is also a random variable. Thus, if
we define F(y) := 1{y1 ∈ A}, then the above is equivalently the more compact equality

E[F ◦ shiftn | Fn] = E
Yn
[F].

We now explore some additional, strengthened Markov properties, which give stronger
senses in which “the future and the past are independent conditional on the present” in a
Markov chain.

Theorem 5.4.1 (Intermediate Markov property). Let F : SN → R be bounded and mea-
surable and n ≥ 0. Then, almost surely,

E[F ◦ shiftn | Fn] = E
Yn
[F]. (5.4.1)

Equivalently in the previous notation, almost surely

E
Y ∼Pµ0

[F(Yn, Yn+1, . . . ) | Fn] = E
Z∼PYn

[F(Z0, Z1, . . . )].

Proof Sketch. We apply the monotone class theorem, Theorem 5.2.10, with the π -system Π
of cylinder sets of SN. You may check as an exercise using the properties of conditional
expectation that the collection of bounded measurable F for which (5.4.1) holds indeed
satisfies Conditions 2 and 3 of the Theorem. It then suffices to check that (5.4.1) holds for
F = 1A the indicator of a cylinder set A = A0 × · · · × Am × S × S × · · · for Ai ∈ G. In this
case, (5.4.1) reduces to the statement

P[Yn ∈ A0, Yn+1 ∈ A1, . . . , Yn+m ∈ Am | Fn] = 1{Yn ∈ A0} Pr
Z∼PYn

[Z1 ∈ A1, . . . , Zm ∈ Am],

which amounts to checking the defining property of conditional expectation again, using a
slightly generalized version of the argument above for the weak Markov property using the
π -λ theorem.

The following is an important application that lets us “factorize”

Corollary 5.4.2 (Chapman-Kolmogorov equations). For anym,n ≥ 0, y ∈ S, and A ∈ G,

Py[Ym+n ∈ A] = Pr
Y ∼Py

[Ym+n ∈ A] = E
Y ∼Py

[
Pr

Z∼PYm
[Zn ∈ A]

]
.
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Proof. Using the tower property and intermediate Markov property, we have

Pr
Y ∼Py

[Ym+n ∈ A] = E
Y ∼Py

[1{Ym+n ∈ A}]

= E
Y ∼Py

[
E

Y ∼Py
[1{Ym+n ∈ A} | Fn]

]

= E
Y ∼Py

[
E

Z∼PYm
[1{Zn ∈ A}]

]
,

as claimed.

The next result is the strongest kind of Markov property we consider, which will be
very useful for studying the times at which we reach various states (if at all) in Markov
chains.

Theorem 5.4.3 (Strong Markov property). Let N be a stopping time. Recall that we
define the associated σ -algebra FN := {A : A ∩ {N ≤ n} ∈ Fn for all n ≥ 0}. For
F : SN → R bounded and measurable, viewed as before as a random variable on the
probability space associated to a Markov chain, we have

E
µ0
[F ◦ shiftN | FN] · 1{N <∞} = E

YN
[F] · 1{N <∞}.

We note that the restriction to the event {N < ∞} is crucial, or else neither side is well-
defined.

Proof. It suffices to check that, for each A ∈ FN with A ⊆ {N <∞}, we have

E
µ0
[(F ◦ shiftN)1{A}]

(?)= E
µ0

[
E
YN
[F]1{A}

]
,

or equivalently

E
Y ∼Pµ0

[F(YN , YN+1, . . . )1{A}]
(?)= E
Y ∼Pµ0

[
E

Z∼YN
[F(Z0, Z1, . . . )]1{A}

]
.

Starting from the left-hand side, we expand by the possible values of N :

E
Y ∼Pµ0

[F(YN , YN+1, . . . )1{A}] = E
Y ∼Pµ0

 ∞∑
n=0

F(Yn, Yn+1, . . . )1{A,N = n}


=
∞∑
n=0

E
Y ∼Pµ0

[F(Yn, Yn+1, . . . )1{A,N = n}]

but now, by the definition of FN , we have {A,N = n} ∈ Fn, and so we may use the interme-
diate Markov property on every inner expectation, obtaining

=
∞∑
n=0

E
Y ∼Pµ0

[
E

Z∼Yn
[F(Z0, Z1, . . . )]1{A,N = n}

]
,

and undoing the first manipulations then gives the result.
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5.5 Countable State Space Structure Theory

We now focus on the special case where the state space S is countable. In this case, we may
consider the transition kernel between points,

p(1)(x,y) = p(x,y) := P
x
[Y1 = y] = p(x, {y}).

We also define the k-step transition kernels

p(k)(x,y) := P
x
[Yk = y]

and by the Chapman-Kolmogorov equation from Corollary 5.4.2 expanded in the countable
case, we have

=
∑

x1,...,xk−1∈S
p(x,x1)p(x1, x2) · · ·p(xk−1, y). (5.5.1)

We may also associate a countable matrix P ∈ [0,1]S×S to the transition kernel, having
entries Pxy = p(x,y). In that case, by the above equation, the transition kernels with other
numbers of steps are given by the matrix powers:

p(k)(x,y) = (P k)xy .

5.5.1 Transience and Recurrence

We now consider one of the fundamental questions about the structure of countable state
space Markov chains: if we start from a given x ∈ S, which y ∈ S will we ever visit? (In
some cases one can literally ask the same question for continuous state spaces, but often it
makes more sense to ask about some quantitative version of approaching arbitrarily close
to another point if, say, S = Rd.) To this end, we define the stopping times at which we visit
a point:

T (0)y := 0,

T (k+1)
y := min{n > T (k)y : Yn = y} for each k ≥ 0.

In words, T (k)y is the time of the kth visit to y , where even if we start at y we do not count
that as a visit. We then consider

ρxy := P
x
[T (1)y <∞] = P[ever visit y starting from x].

Definition 5.5.1. We call x ∈ S recurrent if ρxx = 1 and transient if ρxx < 1.

The following intuitive calculation captures the idea that, to visit y some number k
times, one must first visit y once, and then “circle back” k− 1 more times, where each time
y is visited one effectively “starts over” by the Markov property.
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Theorem 5.5.2. Px[T
(k)
y <∞] = ρxyρk−1

yy .

Proof. The case k = 1 is by definition of ρxy . For k ≥ 2, we will apply the strong Markov
property. Define F(y) := 1{yi = y for some yi ≥ 1}. The strong Markov property with
respect to the stopping time T (k−1)

y then gives

P
x
[T (k)y <∞] = E

x
[1{T (k)y <∞}]

= E
Y ∼Px

[F(YT (k−1)
y

, YT (k−1)
y +1, . . . )1{T

(k−1)
y <∞}]

= E
Y ∼Px

[
E

Y ∼Px
[F(YT (k−1)

y
, YT (k−1)

y +1, . . . ) | FT (k−1)
y

]1{T (k−1)
y <∞}

]

= E
Y ∼Px

 E
Z∼PY

T(k−1)
y

[F(Z0, Z1, . . . )]1{T (k−1)
y <∞}


but now, since by definition YT (k−1)

y
= y , we have

= E
Y ∼Px

[
E

Z∼Py
[F(Z0, Z1, . . . )]1{T (k−1)

y <∞}
]

= E
Z∼Py

[F(Z0, Z1, . . . )] · E
Y ∼Px

[
1{T (k−1)

y <∞}
]

= ρyy · P[T (k−1)
y <∞],

and the result follows by induction.

This result has some very useful consequences. First, we can derive the follow basic
more qualitative properties about visiting states infinitely many times.

Corollary 5.5.3. The following hold for any y ∈ S:

1. If y is recurrent, then Py[return infinitely many times to y] = 1.

2. If y is recurrent, then Px[visit y infinitely many times to] = ρxy for any x ∈ S.

3. If y is transient, then Px[visit y infinitely many times to] = 0 for any x ∈ S.

Second, we obtain the following important characterization of recurrence. We define the
random variable

N(y) := #{visits to y} =
∞∑
n=1

1{Yn = y}.

Theorem 5.5.4. y ∈ S is recurrent if and only if Ey[N(y)] =
∑∞
n=1 Py[Yn = y] = ∞. If
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y is transient, then for any x ∈ S,

E
x
[N(y)] = ρxy

1− ρyy
<∞.

One interpretation of the first part is as a statement that the Borel-Cantelli lemma is tight
when applied to the events {Yn = y} for n ≥ 1.

Proof. We expand

EyN(y) =
∞∑
k=1

Py[N(y) ≥ k]

=
∞∑
k=1

Py[T (k)y <∞]

=
∞∑
k=1

ρkyy ,

and the stated equivalence follows. The second claim follows from the same calculation
from initial state x.

5.5.2 Application: Lattice Random Walks

As an application, we consider the simple random walk on Zd: this may be viewed as the
lattice or “grid” graph where two integer vectors are adjacent if and only if they differ by
exactly 1 in exactly one coordinate.

Theorem 5.5.5 (Pólya). 0 ∈ Zd is recurrent for the simple random walk if and only if
d ∈ {1,2}.

Proof Sketch. It suffices to estimate P[Yn = 0] and apply Theorem 5.5.4. We give a heuristic
way to do this. Note that we may view

Yn =
n∑
i=1

vi

for vi ∼ Unif({e1,−e1, . . . ,ed,−ed}) i.i.d. random vectors. We calculate Evi = 0 and Eviv>i =
1
dId. By the multivariate central limit theorem, we then have

Law
(

1√
n
Yn
)
≈N

(
0,

1
d
Id

)
.

More heuristically, for Yn itself we have

Law(Yn) ≈N
(
0,
n
d
Id

)
.
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Even more heuristically, let us estimate the probability that Yn is exactly 0 by the probability
of falling in a small box around 0:

P[Yn = 0] = P

[
Yn ∈

[
−1

2
,
1
2

]d]

≈ P
g∼N (0,nd Id)

[
g ∈

[
−1

2
,
1
2

]d]

=
∫
[− 1

2 ,
1
2 ]d

1√
det(2π n

dId)
exp

(
−1

2
x>

(
n
d
Id

)−1

x

)
dx

=
(

2π
d
n
)−d/2 ∫

[− 1
2 ,

1
2 ]d

exp
(
− d

2n
‖x‖2

)
dx

for large n, the integral is close to 1 (the volume of the box), and the leading term is up to a
constant depending only on d,

� n−d/2.

Thus, we have E0N(0) �
∑
n≥1n−d/2, which indeed diverges if and only if d ≤ 2.

5.5.3 Accessibility Graph

We now return to the general structure theory for countable state spaces. In particular, we
focus on the following notion.

Definition 5.5.6. We say that y ∈ S is accessible from x ∈ S if ρxy > 0. We also
always let x ∈ S be accessible from itself. We denote this relation x → y , and write
x ↔ y if both x → y and y → x. This defines a directed graph on S, which we call the
accessibility graph.

We next establish some of the basic properties of the accessibility graph.

Proposition 5.5.7. If ρxy > 0, then there exists some k ≥ 1 and x1, . . . , xk−1 ∈ S such
that p(k)(x,y) ≥ p(x,x1)p(x1, x2) · · ·p(xk−1, y) > 0.

Proof. We have by union bound

ρxy = P
x
[Yk = y for some k ≥ 1] ≤

∑
k≥1

Px[Yk = y] =
∑
k≥1

p(k)(x,y),

so if ρxy then there must exist k such that p(k)(x,y) > 0. The existence of a suitable path
x1, . . . , xk−1 then follows by the expansion in the Chapman-Kolmogorov equation (5.5.1).
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Proposition 5.5.8. If x → y and y → z, then x → z.

Proof. If either x = y or y = z, the result is immediate. Otherwise, we have ρxy , ρyz > 0.
By Proposition 5.5.7, there exist k, ` such that p(k)(x,y),p(`)(y, z) > 0. By the Chapman-
Kolmogorov equation, we then have p(k+`)(x, z) > 0.

Theorem 5.5.9. If x is recurrent and x → y , then y is recurrent and ρxy = ρyx = 1. In
particular, we also have x ↔ y .

You can think of the first claim as saying that recurrence is contagious under accessibility.

Proof. The case x = y is immediate, so suppose x ≠ y .
We first show ρyx = 1. Suppose otherwise. Since ρxy > 0, by Proposition 5.5.7 there

exist x1, . . . , xk−1 ∈ S such that p(x,x1) · · ·p(xk−1, y) > 0. Choose the smallest possible
such k, then we must have that x1, . . . , xk−1 ≠ x (or else a suffix of these sequence would be
a shorter one with the same property). Then, as you may check by the intermediate Markov
property, we have

0 = P
x
[never return to x]

≥ p(x,x1) · · ·p(xk−1, y)P
y
[never visit x]

= p(x,x1) · · ·p(xk−1, y) · (1− ρyx).

The right-hand side must equal 0, but the first factor is positive, so we must have ρyx = 1.
We next show that y is recurrent. We verify the condition of Theorem 5.5.4 for this.

Since ρyx = 1 > 0, again by Proposition 5.5.7 there must exist an ` such that p(`)(y,x) > 0.
Then, we have

E
y
N(y) =

∑
n≥1

P
y
[Yn = y]

=
∑
n≥1

p(n)(y,y) ≥
∑
n≥1

p(`+n+k)(y,y)

and by the Chapman-Kolmogorov equation

≥
∑
n≥1

p(`)(y,x)p(n)(x,x)p(k)(x,y)

= p(`)(y,x)p(k)(x,y) ·
∑
n≥1

p(n)(x,x)

= ∞,

the conclusion following since the first factor is positive and the second diverges by the
recurrence of x.

Finally, to show ρxy = 1 we may simply reverse the roles of x and y and repeat the
argument for ρyx = 1.
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From this, we learn some structure theory about the subgraph of the accessibility graph
induced on the recurrent states. Let us define

R := {x ∈ S : x recurrent},
Rx := {y ∈ S : x → y}.

Corollary 5.5.10. The following hold:

1. ↔ is an equivalence relation on R, and Rx is the equivalence class of x under this
relation.

2. There exist {xi}i∈I ⊆ S for some countable (finite or countably infinite) set I such
that Rxi are disjoint and R =

⊔
i∈I Rxi .

3. The induced subgraph of the accessibility graph on any Rxi for i ∈ I contains
every edge oriented in both directions.

5.5.4 Fundamental Structure Theorem

Finally we arrive at our main decomposition of the accessibility graph.

Definition 5.5.11. We say that a set of states A ⊆ S is:

• closed if whenever x ∈ A and ρxy > 0 then y ∈ A, and

• irreducible if ρxy > 0 for all x,y ∈ A.

The following are some basic properties of these notions that you can verify as an exer-
cise.

Proposition 5.5.12. The following hold:

1. If A is closed and x ∈ A, then Px[Yn ∈ A] = 1 for any n ≥ 1.

2. Each Rx is both closed and irreducible.

The following gives a partial converse to the second point of the previous Proposi-
tion.

Proposition 5.5.13. Let A ⊆ S be finite. Then, the following hold:

1. If A is closed, then there exists x ∈ A that is recurrent.

2. If A is closed and irreducible, then all x ∈ A are recurrent and A = Rx for any
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x ∈ A. Thus, if A is finite, then A is closed and irreducible if and only if A = Rx
for some recurrent x.

Proof. For the first part, suppose that A is closed but all x ∈ A are transient. Pick some
x ∈ A. Then, using Theorem 5.5.4 and the first part of Proposition 5.5.12, we have

∞ <
∑
y∈A

ρxy
1− ρyy

=
∑
y∈A

E
x
[N(y)] = E

x

∑
y∈A

∞∑
n=1

1{Yn = y} = E
x

∞∑
n=1

1 = ∞,

a contradiction. For the second part, by the first part there exists x ∈ A recurrent, so by the
irreducibility of A and Theorem 5.5.9, all x ∈ A are recurrent.

Example 5.5.14. The case of the simple random walk on S = Z3 and A = S gives an
example of an infinite A that is closed but consists only if transient states.

Thus the partition R =
⊔
i∈I Rxi achieved above is into disjoint subsets that are both

closed and irreducible. Our main theorem generalizes this to a partition of all of S.

Theorem 5.5.15 (Structure theorem for countable state space Markov chains). The rela-
tion ↔ is an equivalence relation on S whose equivalence classes are irreducible sets of
states. Let S =

⊔
i∈I Ci be the partition into these classes for some countable index set

I . Define a directed graph H on vertex set {Ci}i∈I , where we include an edge Ci → Cj if
and only if there exists x ∈ Ci and y ∈ Cj such that x → y (or equivalently ρxy > 0).
This may be viewed as a suitable kind of quotient of the full accessibility graph G on
vertex set S. We call a vertex a leaf of a directed graph if it has no outgoing edges. This
decomposition and graph structure have the following properties:

1. For each i ∈ I , the induced subgraph of G on vertex set Ci includes every edge in
both orientations.

2. The directed graph H is acyclic (containing no directed cycles).

3. Ci is a leaf of H if and only if it is closed (recall that all Ci are by construction also
irreducible).

4. Every Rx is some leaf of H; in particular, all recurrent states lie in the leaves of H.

5. Every finite leaf of H is Rx for some recurrent x.

Proof. All results are immediate from our previous ones except that H is acyclic. To see
this, note that if there were a cycle among some Ci1 , . . . , Cik , then since all pairs of vertices
in a given Ci are mutually accessible, there would be xia ∈ Cia such that xia ↔ xia+1 for
each a ∈ [k], with index arithmetic modulo k. But then, any x ∈ Cia and y ∈ Cib would
be mutually accessible, and so the Cia would all belong to the same equivalence class of the
relation ↔.
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Corollary 5.5.16. If S is finite, then the leaves of H are all among the Rx and their union
is exactly R.

Corollary 5.5.17. If all of S is irreducible and any x ∈ S is recurrent, then all x ∈ S are
recurrent and H has a single vertex that is all of S. Further, if S is finite and irreducible
then all x ∈ S are recurrent.

Example 5.5.18. Any leaf of H that contains transient states must be infinite. A simple
example is a random walk on {v} t Z3 that from v stays at v with probability 1/2 and
goes to 0 ∈ Z3 with probability 1/2, and on Z3 evolves according to the simple random
walk. Then, the equivalence classes of ↔ are {v} and Z3, the graph H is {v} → Z3, and
Z3 is an infinite leaf all of whose states are transient.

5.6 Stationary Measures, Convergence, and Ergodicity

In the above context, we say that S is recurrent if all x ∈ S are recurrent. We now focus
mostly on the case where S is irreducible and recurrent and consider “how much time” a
Markov chain spends in each state. To make this more precise, consider the probability
measures on S

µx,n(y) := P
x
[Yn = y].

We ask whether the µx,n converge to some limiting µ. Note that we have, by the Chapman-
Kolmogorov equation,

µx,n(y) = P
x
[Yn = y]

= p(n)(x,y)
=
∑
z∈S
p(n−1)(x, z)p(z,y)

=
∑
z∈S
p(n−1)(x, z)p(z,y)

=
∑
z∈S
µx,n−1(z)p(z,y).

Thus, since the hypothetical limiting µ should be a fixed point of this relation, we make the
following definition.

Definition 5.6.1 (Stationary measure). A measure µ (not necessarily a probability mea-
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sure) is stationary if, for all x ∈ S,

µ(x) =
∑
y∈S
µ(y)p(y,x) =

∑
y∈S
µ(y)p(k)(y,x)

for any k ≥ 1.

We note that the case k ≥ 2 follows from k = 1 by the Chapman-Kolmogorov equation.
The following examples show that we will need to be careful in understanding when

there exists a stationary probability measure, and when that is unique.

Example 5.6.2. Consider the simple random walk on Z. µ is stationary if and only if,
for all x ∈ Z, µ(x) = 1

2(µ(x − 1) + µ(x + 1)). You may check that this implies that
there is no stationary probability measure, and all stationary measures are of the form
µ(x) = c for all x ∈ S, for some c ≥ 0.

Example 5.6.3. Consider the Markov chain on a set S where p(x,x) = 1 for all x ∈ S.
Then, any measure µ (probability or otherwise) is stationary.

5.6.1 Existence and Uniqueness

Define the time
Tx := min{n ≥ 1 : Yn = x}.

When we initialize from x, then this is the first time we return to x.

Theorem 5.6.4 (Existence). Suppose x is recurrent. Define

µx(y) := E
x

Tx−1∑
n=0

1{Yn = y} =
∞∑
n=0

P
x
[Yn = y,Tx > n].

Then, µx is a stationary measure.

Remark 5.6.5. We make the following notes:

• It is an exercise in your homework to show that µx(y) < ∞ for all y , so we leave this
out of the proof below.

• µx is a finite measure, and therefore renormalizable to a probability measure, if and
only if ExTx < ∞. Thus for instance from the above reasoning in Example 5.6.2 we
find that for the simple random walk on Z we have E0T0 = ∞.

• We have µx(y) > 0 if and only if ρxy > 0 if and only if y ∈ Rx.

• We have µx(x) = 1.
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Proof. Let us define
qn(x,y) := P

x
[Yn = y,Tx > n].

After expanding the definition of stationarity and µx, we need to show that, for each z ∈ S,
we have

∞∑
n=0

qn(x, z) =
∞∑
n=0

∑
y∈S
qn(x,y)p(y, z).

We consider two cases separately.
First, suppose z ≠ x. Then, we have

∞∑
n=0

∑
y∈S
qn(x,y)p(y, z) =

∞∑
n=0

∑
y∈S

P
x
[Yn = y,Tx > n]p(y, z)

=
∞∑
n=0

∑
y∈S

P
x
[Yn = y,Tx > n,Yn+1 = z]

=
∞∑
n=0

P
x
[Yn+1 = z, Tx > n+ 1]

=
∞∑
n=0

qn+1(x, z),

and this gives the result since q0(x, z) = 0 whenever x = z.
Next, suppose z = x. We have by a similar calculation

∞∑
n=0

∑
y∈S
qn(x,y)p(y,x) =

∞∑
n=0

∑
y∈S

P
x
[Yn = y,Tx > n]p(y,x)

=
∞∑
n=0

∑
y∈S

P
x
[Yn = y,Tx > n,Yn+1 = x]

=
∞∑
n=0

P
x
[Tx = n+ 1]

=
∞∑
n=0

P
x
[Tx = n]

= 1

= µx(x),

where we have used that Px[Tx = 0] = 0 by construction.

Theorem 5.6.6 (Uniqueness). If S is irreducible and recurrent, and µ, ν ≠ 0 are station-
ary, then µ = c · ν for some c > 0.
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Example 5.6.7. Combining with the reasoning in Example 5.6.2, we find that indeed all
of the stationary measures are the constant measures. Thus, µ0 must also be a constant
measure, µ0(y) = c for all y ∈ Z. Since µ0(0) = 1, we must have c = 1. Interpreting
this in words, the expected number of visits by the simple random walk to any y ∈ Z
before returning to 0, no matter how large or small, equals 1.

Proposition 5.6.8. Suppose S is irreducible and recurrent and µ ≠ 0 is a stationary
measure. Then, µ(x) > 0 for all x ∈ S.

Proof. Since µ ≠ 0, we may pick some x ∈ S for which µ(x) > 0. Let y ∈ S. Since S
is irreducible, ρxy > 0, and thus by Proposition 5.5.7 there exists some k ≥ 1 such that
p(k)(x,y) > 0. Then, by stationarity,

µ(y) =
∑
z
µ(z)p(k)(z,y) ≥ µ(x)p(k)(x,y) > 0,

as claimed.

We note that this also admits a partial converse, as follows.

Proposition 5.6.9. Suppose µ is a stationary probability measure and µ(x) > 0. Then,
x is recurrent.

Proof. We have, using Theorem 5.5.4, since x is recurrent

∞ =
∞∑
n=1

µ(x)

=
∞∑
n=1

∑
y∈S
µ(y)p(n)(y,x)

=
∑
y∈S
µ(y)

∞∑
n=1

P
y
[Yn = x]

=
∑
y∈S
µ(y)E

y
[N(x)]

=
∑
y∈S
µ(y)

ρyx
1− ρxx

and using that µ(y) is a probability measure and ρyx ≤ 1, we have

≤ 1
1− ρxx

.

Thus we must have ρxx = 1 and x is recurrent.
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Proof of Theorem 5.6.6. Let µ(0) ≠ 0 be stationary and pick some x ∈ S. By Proposition 5.6.8,
µ(0)(x) > 0. Let µ(y) := µ(0)(y)/µ(0)(x). This is also a stationary measure that is propor-
tional to µ(0) and satisfies µ(x) = 1. It then suffices to show that any stationary measure µ
with µ(x) = 1 has µ = µx.

It further suffices to show that µ ≥ µx. If we have this, then let µ′(y) := µ(y) − µx(y).
This is again another stationary measure, with µ′(x) = 0. But then, by Proposition 5.6.8 we
must have µ′ = 0, and so µ = µx.

To show µ = µx, we consider the following kind of expansion, using stationarity repeat-
edly:

µ(y) =
∑
z0

µ(z0)p(z0, y)

= p(x,y)+
∑
z0≠x

µ(z0)p(z0, y)

= p(x,y)+
∑
z0≠x

∑
z1

µ(z1)p(z1, z0)p(z0, y)

= p(x,y)+
∑
z0≠x

p(x, z0)p(z0, y)+
∑

z0,z1≠x
µ(z1)p(z1, z0)p(z0, y).

Note we may interpret the first two terms here as Px[Y1 = y,Tx > 1] and Px[Y2 = y,Tx > 2].
Repeating this procedure and throwing out the last sum, we get that, for each N ≥ 1,

µ(y) ≥
N∑
n=1

P
x
[Yn = y,Tx > n] =

N∑
n=1

qn(x,y).

Taking N →∞ then gives µ(y) ≥ µx(y).

5.6.2 Convergence

We now focus on the case where a Markov chain has S irreducible and recurrent and has a
stationary probability measure µ, which then by Theorem 5.6.6 is unique. We ask, when do

we have that µx,n
(w)
----------------------------------→ µ?

One simple obstruction is periodicity: consider for example the simple random walk on a
cycle graph of even length. It is easy to check that the unique stationary probability measure
is the uniform measure on the vertices. On the other hand, µx,n is supported on disjoint
subsets of vertices depending on whether n is even or odd. We make a definition to exclude
this possibility.

Definition 5.6.10. A Markov chain is aperiodic if, for all x ∈ S recurrent, there exists
some n0 = n0(x) ∈ N such that p(n)(x,x) > 0 for all n ≥ n0. Equivalently, the greatest
common divisor of the integers {n ∈ N : p(n)(x,x) > 0} equals 1 (you may verify this
equivalence as a simple number-theoretic exercise).

The following expresses that this is in fact the only obstruction.
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Theorem 5.6.11. Suppose a Markov chain on S is aperiodic and has S irreducible and
recurrent. Suppose also this chain has a stationary probability measure µ. Then, for all

x ∈ S, µx,n
(w)
----------------------------------→ µ.
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