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1 RANDOM VECTOR THEORY

Before we continue to random matrix theory, it will be useful to establish some preliminaries about
random vectors, which will also lead us to a few important intuitions about high-dimensional prob-
ability and geometry.

As in the case of matrices, vectors have at least two natural interpretations: they are a list of
numbers, as well as a geometric object with a magnitude and direction (related notions about vec-
tor and Banach spaces are abstractions of this latter viewpoint) with respect to a basis of the space
to which they belong. Each interpretation gives rise to a natural model' of random vector. These
are random vectors with independent and identically distributed (i.i.d.) entries and random vectors
uniformly random on the sphere, respectively. In this chapter, we will look at these models and their
behaviors, and alongside them introduce some of the basic tools and intuitions for probability and
geometry in high dimension.

1.1 INDEPENDENT ENTRIES AND SUBGAUSSIAN CONCENTRATION

In the list-of-numbers interpretation, it is most logical to model a random vector where the entries
are as statistically decoupled as possible. Thus, we consider

x ~ 4, (1.1.1)

a vector with entries i.i.d. from some probability measure ¢ on R. The symbol ® here and throughout
will denote forming the product measure, i.e., the above notation means x; ~ u are drawn i.i.d. The
only exception is when it is applied to vectors or matrices, in which case it denotes the Kronecker
or tensor product; which one we mean should always be clear from context.

The behavior of such vectors is closely linked to high-dimensional geometry. Consider, for ex-
ample, the case yu = Unif([—1,1]). In this case, x is drawn uniformly at random from the solid box
[-1,1]4 c R4, obeying the measure Unif([—1,1]4), and so properties that = has with high proba-
bility can equivalently be viewed as properties that “most” vectors in this box have, with respect to
Lebesgue measure of volume.

We will see that this measure behaves rather paradoxically in high dimension. If you imagine
a picture of the measures Unif([—1,1]4) for d = 1,2,3 as densities, they look like solid convex
“blobs” of mass. But, this intuition breaks down in high dimension: for large d, the mass of the
box is instead “fragmented” and “hollow”, and in fact this follows from basic statements in scalar
probability theory that you have likely encountered already.

IWe will sometimes use this word “model” instead of “law” or “distribution” to emphasize that such a choice
includes some judgement of what distributional assumption is natural or reasonable—we make such a choice to try to
model typical situations we might encounter in applications.



Consider the radius at which the random point x lies,

d d
R*:=zl? = > x? = > V.
1 i=1

This is a sum of ii.d. random variables Y; = xiz, precisely the situation to which the law of large
numbers (LLN), central limit theorem (CLT), large deviations principles (LDP), and other tools of
scalar probability apply. For instance, the law of large numbers gives

d
1 1 (P) 1
SR? ==Y, EY: = =,
d A& a3

the last equality following by a simple integral calculation. Thus already we see that, in high dimen-
sion, = usually lies close to a sphere of radius %JH ~ 0.577/d.
The central limit theorem gives more detail, stating that

(g @) 2 LSy S, (o X
\/a(R 3)_ﬁi=21(yl EY;) —— N(O,Var[Yl])—N(O,45),

where 44—5 = % - (%)2 comes from similar integral calculations to before. We will not care that much
about the detailed constants here; the important part is that the fluctuations of R? around %d are
of order O (+/d). Thus heuristically we have R? = %d +0(/d),and soR = %JH +0(1).2

Most important for our purposes will be non-asymptotic concentration inequalities, which give
concrete bounds on probabilities of deviation from the mean as a function of d. We develop some of
the basic tools for working with such inequalities in this section, the next section, and the chapter
exercises.

Our basic goal is to show bounds of the form

[P’HRZ—g' zt] <5(t,d)

for some function 6(t,d) as small as possible. You could try using any inequalities you are already
aware of for this purpose. For example, Markov’s inequality gives

P [R2 > % + t] < (1.1.2)

which only tells us that R? = O(d) with high probability (say, P[R? < 100d] > 0.99 and similar
statements); the inequality “kicks in” and gives useful information only when t 2 d. Chebyshev’s
inequality gives
4
a Var[R2] z=d
2, 4 _ 2 2 - 457
IP[R > 3 +t] P[R = ER- +t] < 0 e (1.1.3)
where we calculate Var[R?] = dVar[Y;] = %d. This gives the correct scaling, kicking in when
t = +/d. However, as the following result shows, the actual dependence on t above is far from
optimal.
Sharper such inequalities require some more tools. We say a random scalar Y € R is centered if
EY = 0 and similarly for random vectors.

2To see this, write R = %\/E <41+ %(R2 - %d) and take a Taylor expansion of the square root.



Definition 1.1.1 (Subgaussianity). A centered random scalar Y € R is o-2-subgaussianif Eexp(AY) <
exp(%-A2) for all A € R.

The function
by (A) := Eexp(AY)

is called the moment generating function of Y. The terminology “subgaussian” is justified by the
following.

Proposition 1.1.2. If Y ~ N"(0, 02), then for all A € R we have ¢y (A) = exp(%-A2).

Exercise 1.4.5 will develop some further tools for working with subgaussianity.
The following is a form of Hoeffding’s inequality giving concentration for sums of subgaussian
random variables.

Lemma 1.1.3 (Subgaussian sum concentration). Suppose that Y,...,Y; are independent and
each is centered and o2-subgaussian. Then, for all t > 0,

2
IP[ zt]sZexp<—2;2-td).

Proof. We use a general proof technique that you can call the “Chernoff method” or the “nonlinear
Markov inequality” that is behind the proofs of all Chebyshev-, Hoeffding-, and Chernoff-like in-
equalities. The idea is to “preprocess” a random variable with a nonlinearity before using Markov’s
inequality. In our case, for any A > 0 we have

d d
P [Z Y; = t] P [exp (/\ Z Yi) > exp()\t)]
i=1 i=1

- Elexp(A >4, Y))]

d

2. Yi

i=1

(Markov’s inequality)

exp(At)
d
1 E AY;
- Hllex[pe(x/\pt() i)] (independence)
2
< exp (UZdAZ — t?\) . (subgaussianity)
Optimizing over A, we choose A = ﬁ, and obtain
d 2
1 t
P[zYth] 5exp<—w-d>,
i=1
and applying the same argument to the lower tail and using the union bound gives the result. O

In particular, if o2 is a constant as d grows, then this probability indeed becomes small once
t > +/d, as our softer argument with the central limit theorem above predicted. As a corol-
lary, we find the following concrete concentration inequality about the uniform measure over the
box.



Corollary 1.1.4 (Typical set of high-dimensional cube). Let & ~ Unif([—1,1]%) and R? = ||z||%.

Then, for all £ > 0,
2
IPHRZ—g > t] < 2exp (—i’i).

This follows from Lemma 1.1.3 together with the following, which follows from a calculus argument
that you can find in [RH17, Lemma 1.8].

Lemma 1.1.5 (Hoeffding’s lemma). Suppose that Y € R is centered with Y € [A, B] almost
surely. Then, Y is o-2-subgaussian for o2 = (£54)2.

Above we use this on Y; = xi2 - % so we can take [A,B] = [—%, %], giving the specific constants

above.

Thus, we see that most of the volume of the box [—1,1]% lies around a thin spherical shell of
thickness O (1) around the sphere of radius %\/ﬁ In particular, you should not think of this typical
set’ as being convex anymore; further, you should think of it as being rather close to the corners
of the cube, which lie at distance +/d from the origin, very far from the inscribed solid unit ball
B4 := {x € R%: ||z| < 1}. We give a schematic picture of this in two dimension in Figure 1.1.

Another way to phrase this phenomenon is that, for d > 3, the volume of B4 relative to its
circumscribing box [—1, +1]% is bounded by

vol (B4)
—_———— = P <1
vol([-1,+11]4) w~Unif([—1,+1]d)[”xH ]
< P Ullzl® - d/31 =d/3 - 1]
z~Unif([-1,+1]4)
= exp(—Q(d)). (1.1.4)

Thus, these same probabilistic tools show that the volume of the unit ball is exponentially smaller
than the volume of its circumscribing box.*

1.2 GAUSSIAN VECTORS AND SUBEXPONENTIAL CONCENTRATION

The above model is useful for getting a sense of high-dimensional geometry, but the most important
kind of random vector is the following, that you have likely seen before.

Definition 1.2.1 (Gaussian random vector). N (u,X) for parameters p € R% and X € [R%d is
the probability measure on R? with density
1 1 Ty +
exp —5(33—;1,) X (x—p) (1.2.1)

\Jdet* (21rX)

relative to the Lebesgue measure on the row space of X translated by p. Here, * is the

3Let us not try to define a precise notion of typical set; think of it as meaning the smallest set in which a random
variable falls with high probability.

4Actually, as you may look up, the true volume is even smaller than that, but to show that requires a more careful
calculation.
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Figure 1.1: Schematic picture of the cube [—1,1]4 and the thin spherical shell giving the typical set
of its uniform measure, per Corollary 1.1.4. Distances are labeled for large dimension d and are not
drawn to scale.

Moore-Penrose pseudoinverse, and det™ is the product of all non-zero eigenvalues. When =
is invertible (the most typical situation for us), then det™ above is the ordinary determinant,
>* = 7! and the above density is with respect to the Lebesgue measure on all of R%. We
call  a Gaussian random vector if x ~ N (u,X) for some p and 2, and a standard Gaussian
random vector if p =0 and X = 1.

In particular, we will spend lots of time working with the standard Gaussian random vector, which
is equivalently N (0, I;) = N (0,1)®4.
The following are the two fundamental properties of Gaussian random vectors.

Proposition 1.2.2 (Sufficiency of two moments). The parameters p and X are the mean vector
and covariance matrix of the random vector  ~ N (u, X):

p = Ex, (1.2.2)
S=FEx-p(x—pn)" =Exz" —pp’ (1.2.3)

Thus, the law of a Gaussian random vector is determined by its mean and covariance, or equiv-
alently by its linear and quadratic moments, Ex and Exzx".

Proposition 1.2.3 (Affine closure). If € R? is a Gaussian random vector and A € R4 >4 and
b € RY, then Ax +bis also a Gaussian random vector. If & ~ N (u, %), then the corresponding
parameters after this linear transformation are

Law(Ax +b) = N (Au + b, AZAT). (1.2.4)

These two facts taken together make it easy to do certain computations with Gaussian random
vectors: provided we only make affine transformations, we both remain within the class of Gaussian



random vectors and can keep track of all distributions involved merely by linear algebra.’

We will see in the next section the key symmetry that makes the standard Gaussian random
vector so fundamental. For now, let us take it for granted that this is an important distribution to
understand and try to replay the concentration argument from before. The following calculation
shows that something will go wrong:

Proposition 1.2.4. Suppose X ~ N (0,1) and Y = X?. Then,

+ 00

_oA)-1/2
¢y(A) = Eexp(AY) = { (1-2a) if A <1/2, }

In particular, Y is not o-2-subgaussian for any choice of o2 > 0.

We can still repeat the argument of Lemma 1.1.3, but we will have to be more careful to choose
a value of A where we can control the above expression. This situation, which happens often with
sums of heavier-tailed random variables, motivates the following definition and argument. We use
a two-parameter version of [RH17, Definition 1.11].

Definition 1.2.5 (Subexponentiality). Let 02 > 0 and K > 0. A centered random scalar Y € R is
(02, K)-subexponential if

2
E[exp(AY)] < exp (“22\2) for all |A| < K.

One way to think of this is as a form of local subgaussianity: o2 is the variance proxy, and K is the
radius of the interval [-K, K] on which the subgaussian bound holds. The corresponding bound for
sums is a form of Bernstein’s inequality (compare with [RH17, Theorem 1.13]).

Lemma 1.2.6 (Subexponential sum concentration). Suppose that Yi,...,Y,; are independent
and each is (02, K)-subexponential. Then, for all t > 0,

. 1 t> K
|P|: zt]SZexp(—mln{w-d,z-t}>.
Proof. The same argument as in Lemma 1.1.3 gives, for 0 < A < K,

d do?
. Y N2 _
[P’[Elet}sexp< > A t?\).

i=1

d

2. Yi

i=1

Now, however, we cannot choose A > K, so for t > 0 we instead optimize by taking

t
nmmin] L]
min dO’Z
For this choice, do?A < t, so the exponent is at most —tA/2. Applying the same argument to the
lower tail and using the union bound gives the result. The case t = 0 is immediate. O

>We will not use it in this class, but another important fact to be aware of is that the more complicated operation
of conditioning a Gaussian random vector x on the values of some linear forms (a;,x) also yields another Gaussian
random vector.
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Figure 1.2: The cumulant generating function of the random variable Y appearing in Proposi-
tion 1.2.8, our bound on it, and the region where we apply this bound.

Thus the bound is Gaussian when t < do2K and exponential when t > do?K.
The following is the corollary of this general result for specifically standard Gaussian vectors,
which we will use several times.

Corollary 1.2.7. For x ~ N (0,1;) and any t = O,
d

P[|Izl?-d|=t]= P[ S x2-d zt}
i=1

exp <—ﬁ) ift <d,
< 2{ exp(_Z‘ﬁ Hred } (1.2.5)

2
= 2exp <—;min{;,t}> . (1.2.6)

This follows from Lemma 1.2.6 together with the following bound on the result of Proposition 1.2.4.

Proposition 1.2.8. For all A < %, exp(—A) (1 — 2A)1/2 < exp(2A2). Thus, if X ~ N (0,1), then
Y = X2 - 1is (4, %)-subexponential.

We illustrate this estimate in Figure 1.2.

1.3 ORTHOGONAL INVARIANCE

Aside from independence of entries, the following is the other simple symmetry property a random
vector can have.



Definition 1.3.1 (Orthogonal invariance). We say that a random vector x € R4 (or its law
Law(ax)) is orthogonally invariant if, for each (deterministic) orthogonal matrix Q € O(d),
we have Law(Qx) = Law(x).

Without going into more technical details of actually defining this probability measure explicitly,
the following result states that there is a well-defined uniform measure on the unit sphere §4-1 :=
{x € R : ||x|| = 1} (so denoted because it is a (d — 1)-dimensional manifold).

Proposition 1.3.2. There exists a unique probability measure supported on S4-! that is orthog-
onally invariant, which we denote Unif(S4-1).

The following also shows that such distributions are nothing more than vectors distributed as
Unif(S4-1) rescaled by some independent random scalar, and thus are precisely the more gen-
eral class of models natural to the magnitude-and-direction interpretation that we indicated above.

Proposition 1.3.3. Suppose that x is orthogonally invariant and & # 0 almost surely. Then,
llz|l is independent of /| x|/, and Law(x/||z|) = Unif(S4-1).

The standard Gaussian random vector turns out to be a useful bridge between independent en-
tries and concentration inequalities on the one hand and these measures on the other.

Proposition 1.3.4. Suppose = ~ N (0, I;). For any a € S9!, we have Law({a, z)) = N (0, 1).
In particular, this law does not depend on a; the distribution of x is “the same in any direction.”
Further, x is orthogonally invariant.

Proof. Using Proposition 1.2.3, for Q € 0(d),

Law(Qz) = N (0,Q7I,Q) = N (0, ;) = Law(x), (1.3.1)

giving the second result. The first follows from the second by considering a @2 whose first row is
a. O

So, a standard Gaussian random vector is both an i.i.d. random vector and an orthogonally
invariant one. Explicitly, we have the following, which also has the useful practical interpretation of
giving an explicit way to sample uniformly at random from spheres of any dimension.

Corollary 1.3.5. If x ~ N (0, I;), then Law(x/|x||) = Unif(S4-1).

Proof. The result follows directly from the above together with Proposition 1.3.3. O

In fact, the following elegant result, which we will not prove here, shows that the Gaussian scalar
measure is the only one having this property.
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Figure 1.3: An illustration of Borel's theorem, Theorem 1.3.7, showing two low-dimensional exam-
ples d = 2,3 where the distribution of x; - v/d is known exactly (and is not Gaussian) as well as the
Gaussian limit for large d.

Theorem 1.3.6 (Maxwell). Suppose that  ~ u®4 for some u a probability measure on R. If
d > 2 and x is orthogonally invariant, then pu = N (0, 02) for some o2 > 0.

These observations together give some of the fundamental intuitions of high-dimensional ge-
ometry. Analogously to random vectors in the box, Corollary 1.2.7 says that x ~ N (0,1I;) has
lz]l2 = d + O(~/d) with high probability, or ||| = v/d + O(1). That is, a random standard Gaussian
vector usually falls close to the spherical shell of width O(1) around the sphere of radius +/d. As in
the case of the solid box, this typical set is non-convex and instead “hollow” and concentrated far
from the origin.

Another way to look at our result is as implying the following approximation of laws, which we
emphasize is an informal one:

“N(0,I3) = Unif(S$471(v/d)) ” (1.3.2)

We arrive at this by combining our observations that, when x ~ N (0,I;), then Law(x/|x|) =
Unif(S4-1) (Corollary 1.3.5) and ||| = +/d (Corollary 1.2.7). This idea can be made rigorous, for
instance in the following result.

Theorem 1.3.7 (Borel). Let  ~ Unif(S4-1). Then, for any fixed k = 1, (x1 - Vd,...,xk - ~/d)
converges in distribution as d — oo to N (0, Iy).
1.4 EXERCISES

1.4.1 HIGH-DIMENSIONAL GEOMETRY

Exercise 1.4.1. Consider the box B in R? of side length 2, centered at the origin, with vertices at the
points (+1,...,+1). For each s € {+1}4, let S5 be the sphere of radius % centered at the point %s.

10



These are 24 spheres packed on a cubic lattice into the box B. Consider the sphere S’ centered at
the origin that is tangent to every Ss. Find dg such that, if d < dg, then S’ is contained in B, but if
d = dy, then S’ is not contained in B.

The case d = 2 looks as follows. The innermost circle is S’, and the four around it are S+ +1).
The larger outermost square is B; the smaller square in a dotted line is just for reference to show
how the centers of the latter circles are arranged. Your task is to show that, in high dimension, the
innermost circle is not contained in the outermost square (!).

Exercise 1.4.2. Show that there is a constant ¢ > 0 such that, for all € € (0, 1), for d sufficiently
large, there are at least N = exp(ce?d) unit vectors vy, ..., vy in R4 such that |(v;, v;)| < € for all
1 <i< j <N (ie., such that the v; are almost orthogonal).

Exercise 1.4.3. Consider the shape A9 ¢ R% that is the convex hull of the points 0, e1, e; +e€>, ..., e+
e» + - - - + ey (the origin plus the “partial sums” of the standard basis vectors). This is a simplex
or high-dimensional tetrahedron, though not an equilateral one: edges have lengths varying among
1 =+1,2,...,/d. Compute the volume of A%, What is the side length of a cube in R4 with the
same volume? (Give an asymptotic approximation as d — .)

Exercise 1.4.4. Suppose that g ~ N (0, I;). Show the non-asymptotic inequalities

(1 - %) Vd < Ellgll < Vd.

1.4.2 CONCENTRATION INEQUALITIES

Exercise 1.4.5 (Subgaussianity). Recall that a centered random scalar X € R is called o 2-subgaussian
if Eexp(AX) < exp(02A2/2) for all A € R. A centered random vector € R? is called the same if,
for all w € R4 with ||u|| = 1, (u,x) is a o-2-subgaussian random scalar.

1. Show that if X is a centered random scalar that is o 2-subgaussian, then aX is a®o2-subgaussian,
and that if X1, ..., X, are independent and each X; is aiz-subgaussian, then >, X;is (31, (rl-z )-
subgaussian. Conclude that a random vector with independent entries that are each centered
and o 2-subgaussian is itself o-2-subgaussian.

11



2. Show that the following three conditions on a centered random scalar X are equivalent:

(a) There exists ¢? > 0 such that X is o-?-subgaussian.
(b) There exists ¢ > 0 such that, for all t > 0, P[|X| = t] < 2 exp(—ct?).
(c) There exists A > 0 such that Eexp(AX?) < .

3. For X a centered subgaussian scalar, define
[ Xllsg := inf{t > 0: Eexp(X?/t?) < 2}.

Note that this is well-defined by Part 2. Show that || - ||sg iS @ norm on the space of centered
subgaussian random variables (over a given probability space).

Exercise 1.4.6 (Subexponentiality). Recall that, for 02,K > 0, a centered random scalar X € R is
called (02, K)-subexponential if

E[exp(AX)] < exp(02A%/2) for all |A| < K.

A centered random vector € R4 is called the same if, for every u € RY with |lull = 1, (u,x) is a
(02, K)-subexponential random scalar.

1. Show that multiplying a (o2, K)-subexponential scalar X by a # 0 gives a subexponential
scalar with parameters (a?0?,K/|al). If Xi,..., Xy, are independent and each X; is (aiZ,Ki)-
subexponential, show that X1 ; X; is subexponential with parameters

(i o, min Ki).

i-1 l<i<n

Conclude that a random vector with independent (o2, K)-subexponential entries is (o2, K)-
subexponential.

2. Show that the following three conditions on a centered random scalar X are equivalent:

(@) There exist 02,K > 0 such that X is (02, K)-subexponential.
(b) There exists ¢ > 0 such that, forallt > 0, P[|X]| > t] < 2exp(—ct).
(c) There exists A > 0 such that E[exp(A|X]|)] < .

3. For X a centered subexponential scalar, define
| X |lse := inf{t > 0:E[exp(|X]|/t)] < 2}.

Note that this is well-defined by Part 2. Show that || - ||sc iS @ norm on the space of centered
subexponential random variables (over a given probability space). Show also that, for every
centered subgaussian scalar X,

X2 = E[X%]llse < 211X 1|5,

where || - [|sg is defined in Exercise 1.4.5.

12



1.4.3 ORTHOGONAL INVARIANCE FOR VECTORS

Exercise 1.4.7 (Factorization of distribution). Suppose « € R4 is an orthogonally invariant random
vector, i.e., one having Law(Qx) = Law(x) for all Q € O(d). Suppose also that « + 0 almost surely.
Show that the scalar ||x|| and the vector Z := x/||z| are independent random variables, i.e., that
P[||z|| € A,z € B] = P[|lz|l € A] - P[& < B] for all pairs of Borel sets A < R>¢ and B < §4-1.

Exercise 1.4.8 (Moments). Suppose € R4 is an orthogonally invariant random vector whose en-
tries have finite first and second moments. Show that Ex = 0 and Exx™ = 021, for some o2 > 0.

13



2 GEOMETRY OF RECTANGULAR RANDOM
MATRICES

We now take our first steps into random matrix theory, using the results from the previous chap-
ter to study the behavior of asymmetric or rectangular matrices with i.i.d. Gaussian entries. In
particular, we will focus on the random matrix model

G ~ N(O, 1)®d><m’

a d x m random matrix with i.i.d. Gaussian entries.

2.1 GAUSSIAN RANDOM FIELD VIEWPOINT

Let us start by trying to gain some intuition about what G does to a single y € R™ as well as several
given yi,...,yn € R™. Immediately our observations about Gaussian random vectors become very
useful, since we can easily completely characterize the laws of these images.

Proposition 2.1.1. Law(Gy) = N (0, [lyll°I,).

Proof. Since Gy is linear in GG, whose entries form a Gaussian random vector, Gy is itself a Gaussian
random vector. So, it suffices to compute its mean and covariance:

m
E(Gy)i = Z GiaYa

a=1
=0,
Cov((Gy)i, (Gy);j) = E(GY)i(Gy);

(£ (o)

a=1 b=1

m
> YaYb - EGiaGjp
a,b=1

{0 if i = j,
Syl ifi=g oy
where we have used that the G;, are i.i.d. and have mean zero.

Another approach is to work with matrices; it is good to get used to using matrices inside of
expectations in the way written below. For the mean, the following operation is valid in general
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when an expectation of a matrix product only has one random matrix involved:
E[Gy] = E[G]ly = 0. (2.1.1)

You may check that this is just another form of the linearity of expectation. For the covariance, if
we write g1,...,g9m € R4 for the columns of G, so that ga ~ N(0,1,) are i.i.d. standard Gaussian
random vectors, we may treat the entire covariance using similar manipulations:

Cov(Gy) = E(Gy)(Gy)T

E (é yaQa) (é Yb9p )

m
z Yalb - [Egagi]r
a,b=1

m
> vi I

a=1

lyll® 14,

now using that the g, are i.i.d. and have mean zero and covariance identity. O

By the same kinds of calculations, we may also deduce the joint law of any collection of finitely
many Gyi,...,Gyn.

Proposition 2.1.2. Let y1,...,yn € R™. Then,

Gy Iy’ (y,y2)la -+ (y1,yn) 14
(yo,y)lag  Ny2l’Ly -+ (y2,yn) 1y
Law : - |o, _ _ _ _ (2.1.2)
G : : ) :
g oy Ia oy Ia - llynll’Iy

Written more concisely, if Y € R"*" has the y; as its columns, then the covariance matrix
aboveis (YY) ® 1.

Proof. The result follows from identical calculations to the previous ones in each block of the co-
variance matrix. O

The previous result fully characterizes the Gaussian random field (a term for a higher-dimensional
Gaussian process) that attaches the random vector Gy € R4 to each point y € R™, since we have
characterized the joint law of any finitely many points of this field.

From this characterization, we may start to probe more particular geometric properties of the
action of G. We may, for example, compute what multiplication by G does to expected lengths:

EIIGyl? = Tr(Cov(Gy)) = dllyll>. (2.1.3)
What about angles? By a similar calculation you can find
E(Gy1,Gy2) = Tr(Cov(Gy1,Gy2)) = d(y1,y2), (2.1.4)

(Actually, this also follows directly from the calculation for distances by the polarization identity
(y1,92) = §ly1 + y2ll? = 3llyr — y2lI%. Try working it out.) Indeed, G acts in the same way on the
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entire Gram matrix of any finite collection of vectors in expectation: for y1,...,yn € R™ organized
into the columns of Y, we have
EGY)"(GY)=dY'Y. (2.1.5)

Remark 2.1.3 (Gram matrices). The Gram matrix is a fundamental geometric object that does not
always get its due in a linear algebra class. For a set of vectors y; as above, Y'Y describes the
entire relative geometry of this set. Looking at the entries, we see that the Gram matrix contains the
lengths of the y; (on the diagonal) and the angles between each pair (on the off-diagonal). Actually,
this information fully specifies the geometry of this set of vectors: if any other yi,...,y, € R™
have the same Gram matrix, then there must be an orthogonal Q € ©(m) such that Qy; = y;; that
is, it is possible to get from one point cloud to the other by rotations and reflections.

The above calculations suggest that we should normalize away the factors of d throughout by
considering instead

Py 1 P 1 ®dxm
Gi= G Law(@ =N (o, 3) . (2.1.6)
This matrix will satisfy the appealing properties
EIGyl? = llyll?, (2.1.7)
E(Gy1, Gy2) = (y1,92), (2.1.8)
EGY) (GY)=Y"Y. (2.1.9)

That is, in expectation, G preserves lengths, angles, and Gram matrices, and thus looks as if it
preserves all of the geometry of R"! We will see in short order that this is true in a specific quanti-
tative sense with high probability as well, making multiplication by Ga very useful algorithmic and
computational tool.

First, though, let us clarify an important caveat. Again, the above makes it look like G preserves
the relative geometry of any given point cloud ¥1,...,y, € R™ while mapping it to R4. But, this
holds for any d, including d <« m, and even d = 1! Thus, part of the above optimistic intuition is a
kind of illusion created by taking expectations.

There are two important cautions about this intuition. First, once d <« m, once we draw G at
random, of course we can find y # 0 such that ay = 0 (any y in the kernel of @), and for such
y we will have 0 = ||(A¥y|| < |lyll. Thus, G cannot and will not preserve the relative geometry of
any vectors we multiply it by, and in particular we can easily find vectors depending on G whose
relative geometry it badly distorts. On the other hand, if we first pick y and then draw a random
f;’\, then we have reason to hope that IICA;yH will concentrate around the value ||y|| suggested by
the previous calculations; indeed, our calculations show that Law(f}'\y) = N(0, éIIyIIZId), to which
Corollary 1.2.7 should apply.

Second, even provided we make sure Gis independent of the y that we multiply by it, the extent
to which the above properties hold with high probability rather than merely in expectation will
depend on how large d is: when d = 1, then G = g' for g ~ N(0,1I,,), and we still have [EIICJ\inI2 =
E{g,y:)° = llyill%. But, it should be intuitively clear that we cannot actually have (g, ;)% = |ly;ll?
simultaneously for very many y;, even if we choose them in advance of drawing G. (Exercise: Try
constructing concrete counterexamples.)

The next step is to understand the singular values of G. This will require controlling a quadratic
form uniformly over all unit vectors, using a finite approximation of the sphere or ball called an
€-net.
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2.2 THE GEOMETRIC METHOD OF RANDOM MATRIX THEORY

We will now move from the action of G on fixed vectors to its singular values. This will give us a
first spectral analysis of rectangular matrices with i.i.d. Gaussian entries.

We will see below that this amounts to controlling the operator norm of a certain symmetric
“error” matrix M. The general approach we take to this task is one of the main methods of random
matrix theory that we will study, so let us outline it separately here.

The chief trouble is that the operator norm is a quantity whose definition involves an uncount-
able quantification over test vectors. We adopt the following notation for closed balls in R4, which
will be useful soon:

B (x,7) = {y e R : |y — x| <7}, (2.2.1)
B4 := B4(0,1) > 41, (2.2.2)

The operator norm can be formulated in either of the equivalent ways

IM| = sup |z#"Mz|= sup |z" Mx|. (2.2.3)
resd-1 reBd
In either case, if S9! or B4 were replaced by a finite set, we could use the union bound (also called
the first moment method), bounding P[|x " M x| > t] (which as we will see boils down to yet another
application of Corollary 1.2.7 on the concentration of norms of Gaussian random vectors) and using
a union bound to control P[||M || > t], but this is not the case.
But, it will turn out to be useful to take this hypothetical situation more seriously, so let us
define notation for these notions.

Definition 2.2.1. For any nonempty bounded set X ¢ R4 and M € R%%4 we define

sym

IM]| x := sup |x" Mzx|. (2.2.4)

xeX

This is not always actually a norm; depending on X, it may only be a seminorm, where || M ||x = 0
can hold for M =+ 0. The definition will be useful in any case, however. Applying the first moment
method to a general random matrix gives the following:

Proposition 2.2.2. Let M € RZ%d be a random matrix and X c R4 be a nonempty finite set.
Then,
P[IIM|x =t] <|X]| - ma))(( Pllz" Mzx| = t]. (2.2.5)
re

As mentioned above, controlling the second factor above involving scalar probabilities will be
possible in our case using Corollary 1.2.7; in general, it reduces to simpler questions involving scalar
probability theory. Thus, the key point will be the tradeoff between the factor of | X| in the bound
above, which makes the bound deteriorate as | X | grows, versus the error in approximating || M || by
|| M || x, which we will soon see decreases as |.X| increases. We will therefore reduce the matter of
bounding || M || to merely that of finding a sufficiently small set X that behaves like a sufficiently
dense “grid” of S9! or B% to approximate the operator norm accurately (the sets we work with will
not actually be grids but will behave similarly). We call this general approach the Geometric Method
of random matrix theory, because it reduces the matter of understanding norms of random matrices
to (possibly more complicated variants of) the above purely geometric question.
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2.3 SINGULAR VALUES

We focus on “short fat” matrices, that is, the setting d < m (often we will also mention how our re-
sults specialize to the asymptotic regime d < m). We also return to working with G ~ N (0, 1)®4xm
again in order to simplify the notation.

For any fixed unit vector x € R™, the vector Gz has law N (0, I;). Thus Corollary 1.2.7 gives
concentration of the quadratic form

2T (GG -dIy)z = |Gz|? - d. (2.3.1)

When d is large, this is small compared with d with high probability. A union bound gives simul-
taneous control for a sufficiently small finite set of such test vectors. But, as we observed above,
GG has rank at most d, so when d < m it cannot be close to dI,, in operator norm relative to d.
To understand the matrix itself, we will study its eigenvalues, or equivalently the singular values of
G.

Note that GTG = 0, so its eigenvalues are non-negative. Call these A; > --- > A, > 0. Since
rank(GTG) < d, we have Agz,1 = --- = Ay, = 0. The remaining eigenvalues are related to the
singular values of G by A; = 0;(G)?. We begin by studying these eigenvalues, or equivalently the
singular values of G.

2.3.1 APPLYING THE GEOMETRIC METHOD

It will be more convenient to instead consider the eigenvalues of GG' € R‘siyxr,?. Since the eigenvalues
of GG™ and G"G are equal except that the latter has m — d extra eigenvalues equal to 0, GGT
will provide us with the same information; at the end, we will return to G™G and deduce some
geometric intuitions about it. The probabilistic reason for working with GG instead is that, if
g1,-..,9m € R4 are the columns of G (distributed i.i.d. as N (0, I;)), then we have

m
GG" = > gig]
i=1

which is a sum of m > d i.i.d. random matrices of dimension d. As we will see, in such a situation
it is justified to hope for a matrix-valued law of large numbers to hold, giving us

~m - E[g1g] ]
= mId
=F[GG"]. (2.3.2)

Roughly speaking, this heuristic is more accurate than the same applied to G™ G where the roles of
d and m are reversed because we want in our appeal to the law of large numbers to work with an
expression having “as much averaging as possible.”

Remark 2.3.1. To emphasize the difference in how we are discussing these two matrices: above we
observed that GT G looks like dI,, from the point of view of a small enough number of quadratic
forms, but we also observed that it cannot actually be close to this matrix (for instance by simple
rank considerations). On the other hand, the above heuristic suggests that GG looks like m1,
and we will show below that this is actually true, and use that to understand the trickier behavior
of GTG.
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Concretely, when m > d, we expect the operator norm of the difference |GG™ — m1 | to be
small compared with m. This kind of statement that a sum of independent or weakly dependent
random matrices is close in operator norm to its expectation is often called a matrix concentration
inequality. Let us write A := GG™ — m1,.

Remark 2.3.2 (Statistical interpretation). Expanding in a sum of rank one terms again, we may also

view
1a_ l;i a7 | - Elg1g7] (2.3.3)
m- " lm izlglgi g19; .

as the difference between a sample covariance and the true covariance of several i.i.d. draws gi,...,gm

from N (0, I;). Thus, our investigation will also address the natural statistical question of how good
of a statistical estimator the sample covariance is (in this particular case).

To show that ||A|| is relatively small, we will apply the Geometric Method outlined in Section 2.2
with M = A.
2.3.2 NETS, COVERINGS, AND PACKINGS

To do this, our first task will be to develop some tools for relating || M| x for finite X to ||M]],
discretizing the continuous optimization defining the operator norm.

Definition 2.3.3 (e-net). A set X = {x1,...,xn} € VY C R% is an e-net or e-covering of V if
N
Y < B, e), (2.3.4)
i=1

or equivalently if, for all y € VY, there is x; € X such that ||y — x| < €.

The following key result shows that we may indeed discretize the operator norm and bound it
by a maximum over a suitable net.

Lemma 2.3.4. Suppose that M € R%¥? and X is an e-net of S4-1 for 0 < € < 3. Then,

1
1-2¢

IMllx < IM]l < Ml x. (2.3.5)

The same is true if X is instead an e-net of B.

Proof. The first inequality is immediate. For the second, let € S9! be such that [T Mx| = | M|,
and let x; € X be such that ||x — x;|| < €. We then have

IMllx > |@] M, |
=|(x+zi—z)"M(x+x;—x)|
=|lz"Mx+xz"M(x;—x) + (x;i —x) Mz |
le"Mz| - |2 " M(z; - 2)| - |(zi — )" Mz;]|
(1-2¢)|IMIl,

%

%

and rearranging gives the result. The same argument applies verbatim in the case of a net of B4. O
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Figure 2.1: An illustration of a covering (left) and a packing (right) of a given set in R? by balls of
the same radius.

Next, we need to develop some further tools for constructing e-nets in a way such that we have
some control over their size. As you can convince yourself, it is rather tricky to construct explicit
€-nets by hand by completely describing the vectors of X. Fortunately, there is a more abstract
approach that lets us non-constructively show that small e-nets exist. This proceeds by considering
a complementary notion:

Definition 2.3.5 (e-packing). A set X = {x1,...,xn} € Y C R% is an e-packing of V if the balls
B9 (x;, €) are pairwise disjoint, or equivalently if ||a; — x|l > 2¢ for all i, j € [N] distinct.

Proposition 2.3.6. Let X be a maximal e-packing of V/, one that cannot be extended to a larger
packing by adding more points. Then, X is a 2e-net of V.

Proof. Lety € Y \ X. Since adding y to X must yield a set that is not an e-packing, there must be
some = € X such that B4 (x,€) N B4(y, €) + &. Letting z be in the intersection, we have ||z — y|| <
llx — z|| + ly — z|| < 2€. Thus, either y € X or y € B4 (x, 2¢) for some x € X, giving the result. O

Thus, to show that small nets exist, it suffices to show that small maximal packings exist. But,
there is a fundamental volumetric bound on the size of arbitrary packings, including maximal ones:
roughly speaking, the total volume of the union of the balls in a packing cannot be much bigger than
the volume of the set being packed (at least for a nice full-dimensional convex set).

Proposition 2.3.7. Let X be any e-packing of B4. Then, |X| < (1 + %)d.

Proof. We have

U Bz, €) < B0, 1 +¢), (2.3.6)
zeX

and the union on the left-hand side is disjoint. Thus, taking volumes,

|X| - vol(B4(0,€)) < vol(B4(0,1 + ¢€)). (2.3.7)
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Rearranging,

vol(B4(0,1 + €)) <1+€>d < 1)d
< = =|1+-= 2.3.
X = = oi®4(0, ) € e (2.3.8)
by scaling considerations of the volumes of d-dimensional balls. O

Corollary 2.3.8. For any € > 0, there exists an e-net X of B4 of size |X| < (1 + %)d.

Proof. Let X be a maximal %-packjng of B%. Such a packing exists: greedily add points while possi-
ble, and Proposition 2.3.7 guarantees that this process stops after finitely many steps. By Proposi-
tion 2.3.7, | X]| = (1 + %)d, while by Proposition 2.3.6, X is an €-net. O

2.3.3 COARSE NON-ASYMPTOTIC BOUND ON SINGULAR VALUES

Finally, we may put together the pieces to bound ||A]|: we use the existence of a not-too-large e-
net by the above non-constructive method, approximate the operator norm by discretizing to test
vectors in this net, and use the first moment method.

Theorem 2.3.9. If d < m, then

PLIIAl > 64vdm] < 2 exp(—d). (2.3.9)

Proof. Let us fix € := 1/4. Let X be an e-net of B% as in Corollary 2.3.8, by which we can assume
IX| < (1+ %)”l = 94 By Lemma 2.3.4, we have [|A|| < 17#2€||A||x = 2||Allx. Thus, for t > 0, we may
bound

PLIAI> 1] < P 1Allx > 1] (Lemma 2.3.4)
<99 . maxP [I:I:TA:BI > 5] . (Proposition 2.2.2)
rxeX 2
For any fixed € X, the vector G« has law N (0, ||z|?L,,). Expanding the definition of A and

using ||z|| < 1, we therefore have

t t
P [I:L'TA:BI > 5] = P[| IG x> — mllz|?| = E]

t
= o Jialligh? - m| = ]
g~N(0,In) 2

t
< p [| gl —m| > f]. (2.3.10)
g~N(0,Inm) 2

The last bound is independent of x, so we have

t
plial =<9t [ligl?~m]| =]
g~N(0,Imm) 2

To the remaining probability we can apply Corollary 1.2.7, which it will be convenient to do specifi-
cally in the form (1.2.6). We can also bound 9 < exp(3). Together, these observations give

2
< 2exp (Sd—émin{éfm,;}) (2.3.11)
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Now, let us take t := C~/dm for some C to be chosen momentarily. Noting that /dm > d since

d < m, we may further bound
< 2ex Sd—lmin C—Zd Ed
=cep 8 Rl

. (c? ¢
= 2exp (d- [3 — min {32’16}]) (2.3.12)

and finally we see that taking C := 64 gives the result. O

To give a corollary in a form that is maybe easier and more intuitive to understand concern-
ing the singular values of G, we will use the following basic eigenvalue perturbation inequali-
ties.

Proposition 2.3.10. Let A, A € R2%4_ Then,

sym

Ag(A) — Al = Ag(A+A) <A1 (A+A) <A1(A) + Al (2.3.13)

Proof. For both bounds, we use the variational description of the eigenvalues. For the upper bound,
we have

A1(A +A)

sup ' (A+A)x

resd-1

sup (x" Az + lAll)

resd-1

= ( sup $TAZB) + Al

resd-1

= A1(A) + [lA]l.

IA

Similarly, for the lower bound,

Adq(A+A)= inf 2T(A+A)x

resd-1
> inf (xTAx - ||A|)
xesd-1
= < inf :cTAa:> —lAll
resi-1
=A4(A) - llA]l. O

These are special cases of Weyl’s inequalities, which are a good more general tool to be aware of. The
proof of the more general inequalities similarly uses a more general variational form of arbitrary
eigenvalues given by the Courant-Fischer min-max theorem.
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Corollary 2.3.11. For any d < m,

P[vim - 64Vd < 04(G) < 01(G) < Vim +32Vd | = 1 - 2exp(~dD).

Proof. We will use the basic bounds

V1+x < 1+§for all x >0, (2.3.14)
Vvli-x=1-xforall0<x <1. (2.3.15)

Both may be viewed as consequences of the concavity of the square root function: the first says that
one affine transformation of the square root lies below a tangent line to it, while the second says
that another affine transformation lies above a secant segment connecting two points on its graph.
Then, on the event that ||A|| < 64+/dm from Theorem 2.3.9, using that GG = mI, + A, we have

01(G) =AM (GGT)

< m+ [|A]l (Proposition 2.3.10)

<\ym + 64vdm

=ym- 1+641/i
m
(1)

< ym-[1+32,/— (2.3.14)
m

= J/m +32d.

Likewise, for 0,;(G) we have a similar argument. First, though, note that if m — 64/dm < 0, then
J/m — 64+/d < 0 as well, so the result holds vacuously in this case. Otherwise,

04(G) = A (GGT)

> m — ||A]| (Proposition 2.3.10)

> \ym — 64vVdm

- Jm - 1—64\/g
m
(o) '
> m- | 1-64,— (2.3.15)
m

= J/m - 64+d,
completing the proof. O

Of course, what you should remember is just the softer statement that, when d < m, the singular
values of G are, with high probability, all in the range

Jm—-0(/d) < 04(G) <--- <01(G) < ym+ 0(/d) (2.3.16)
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We highlight this because it is a fundamental fact about the spectra of random matrices that you
should try to commit to your intuition. We will see considerably more precise elaborations of this
claim soon, too. Note that, indeed, once m > d, then all of these singular values are ./m to leading
order and GG" ~ ml,, as we proposed earlier.

The top d eigenvalues of the larger matrix G'G € RZ"™ are also then approximately m; how-
ever, for this matrix, there are m — d more eigenvalues that are identically zero. Thus, the eigenval-
ues of %GTG are all either zero or close to 1; that is, it is close to a projection matrix. It is then
natural to ask: a projection to what subspace? To answer this question we must understand the
singular vectors of G, which we will study next.

2.4 SINGULAR VECTORS

While the ordered singular values o1 (G) = - - - > 04(G) are well-defined for any G, the individual
singular vectors are not always well-defined. Suppose we take the singular value decomposition
(SVD),

d
G=UxXVT = Z O'iuiUlT,
i=1
for {u1,...,uq} ¢ R4 and {v1,...,v4} € R™ orthonormal sets. When are we justified in viewing

u;(G) and v;(G) as well-defined functions?

Actually, the answer is never, because the SVD does not disambiguate between the pair of singu-
lar vectors (u;,v;) and the pair (—w;j, —v;); either pair would give rise to the same decomposition.
To get around this minor issue, we may instead consider the rank-one matrices associated to the
pairs of singular vectors, Z; = w;v;. These matrices are unchanged by a simultaneous change of
sign, and from them we may also recover the more geometrically meaningful projection matrices

Li = Zl‘ZiT = uiuiT, (2.4.1)
R;:= Z;—Zi = Ui’vljr.
It is sometimes useful for the sake of intuition to identify a projection matrix with the subspace
it projects to; thus, w;u; and v;v; describe not the singular vectors but the entire lines in those
directions. Z; contains the information of this pair of lines, and its being one of the rank-one
matrices in the SVD says that G maps the line spanned by v; to that spanned by ;. Z; also contains
one more bit of information, saying whether that mapping maps v; to a positive or negative multiple
of ;.
However, there are more nuances. For instance, if o; = 0, then Z; is equivalent to —Z; in the
SVD. And, more substantially, if 0; = 07, even if neither are zero, then Z; and Z; are not uniquely
determined. Indeed, writing

~

U= Ui uj ERdxz, V= Vi Uj S [Rm><2’

we have that the sum of the two corresponding terms in the SVD is
oi(Z; + ZJ') = O'i(ul"l)iT + UJ"UJT) = O'iﬁVT = O'l(ﬁQ)(VQ)T

for any @Q € O(2). This gives rise to equivalent decompositions of Z; + Z; as a sum of rank-one
matrices. Since o; = 0j, the expression 0;(Z; + Z;) is what appears in the SVD for these two
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components, so these equivalent decompositions mean that Z; and Z; are not uniquely determined
in this case.

As an extreme example, consider the case d = m and G = 14, the identity matrix. All d of its sin-
gular values are 1, and it admits many SVDs of the form G = Zle uiuiT for any orthonormal basis
{uwy,...,ugq}. Thus, the more repeated singular values there are, the more dire this issue becomes.
However, as the following fact of linear algebra shows, these are the only issues.

Proposition 2.4.1. Suppose that G € R¥™ with d < m, 04;(G) > 0, and the singular values
01(Q),...,04(G) are distinct. Then, there exist unique Z; = Z;(G) € R4*™ such that each Z;
has rank one, has o1(Z;) = 1, and

da
G = > 0i(G)Zi(G).

i=1

2.4.1 DISTINCTNESS OF SINGULAR VALUES

Remarkably, the conditions of the above Proposition 2.4.1 hold not merely with high probability
but almost surely for Gaussian random matrices (and, though we will not discuss it here, for other
matrices whose entries are independent random variables whose laws are absolutely continuous
with respect to the Lebesgue measure).

Theorem 2.4.2. Let G ~ N (0,1)®4*™ with d < m. Then, almost surely, the following hold:
1. 04(G) > 0.

2. The singular values o (G),...,04(G) are distinct, i.e., we have the strict inequalities
01(G) > --- > 04(G).

We will use the following result to establish both parts, which should be intuitive but is a little
bit clunky to prove. You can prove it as an exercise—one approach is to show the more geometric
fact that any hypersurface has Lebesgue measure zero.

Lemma 2.4.3. Suppose p € R[x1,...,Xn] is a non-constant polynomial, and g ~ N (0, In).
Then, for any a € R, P[p(g) = a] = 0.

The first part of Theorem 2.4.2 can be proved quite directly using this result, as follows.

Proof of Theorem 2.4.2, Claim 1. Note that we have 04(G) = 0 if and only if G is rank-deficient,
which occurs if and only if P(G) := det(GGT) = 0. (Note that this is not the case if we take
det(G'TG) instead, which is zero whenever d < m.) It is easy to show that P is a non-constant
polynomial of the dm entries of the matrix argument: it is non-constant because, for example, for
rank-deficient matrix inputs it is zero while for full-rank inputs it is non-zero. Thus P[o;(G) =
0] = P[P(G) = 0] = 0 by Lemma 2.4.3. O

For the second part we will need to establish some tools from the theory of symmetric polynomi-
als as well as a relationship between polynomials of the eigenvalues of a matrix and polynomials of
the entries of a matrix. First, the following are the basic notions of the general theory of symmetric
polynomials.
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Definition 2.4.4. A polynomial f € R[ty,...,t;] is symmetric if, for all permutations 1T € Sy,
we have f(tr1),..., tn@) = f(t1,...,ta).

Theorem 2.4.5 (Fundamental theorem of symmetric polynomials). Define the power sum poly-
nomials

da
sk(th, ..., ta) == >tk
i=1

Then, if f € R[t1,...,t;] is a symmetric polynomial, then there exists some polynomial g of d
variables such that

fty,...,tq) =g(si(ty,...,tq3),...,Sq(t1, ..., tq)).

In words, this result says that any symmetric polynomial is some polynomial of the power sum
polynomials, or that the power sum polynomials algebraically generate the symmetric polynomials
(which form a subring of the ring of all polynomials).

The power sum polynomials have an important role in random matrix theory, because they serve
as a bridge between the properties of the entries of a matrix and the properties of the eigenvalues,
a connection that we will see much more sophisticated uses of later. The basic underlying fact is
quite simple, however. Suppose here and below that X € deyxmd. Let us define the power trace
polynomials of X,

d
Sk(X) = Tr(Xk) = Z Xajar Xazas * - Xay_ap Xaga; -

The latter expression shows that Si(X) is a polynomial of the entries of X.

Proposition 2.4.6. s (A1(X),...,A4(X)) = Sp(X).

This is just a simple consequence of the fact that the eigenvalues of X* are the A;(X)¥. However,
it leads to the following important corollary.

Corollary 2.4.7. Suppose that F(X) = f(A1(X),...,A4(X)) for f a symmetric polynomial
(i.e., F(X) is a symmetric polynomial of the eigenvalues of X). Then, F(X) is also a (not
necessarily symmetric) polynomial of the entries of X.

Remark 2.4.8. The assumption that f is symmetric is crucial. For instance, you may check as an
exercise that F(X) = A;(X) is not a polynomial of X.

With these tools, we are now ready for the proof of the second part of the main Theorem.
Proof of Theorem 2.4.2, Claim 2. Consider first a function of X € R2%4  defined as:

sym >
ft,.ota) =[] -t

1<i<j=<d

F(X) = f(A(X),...,Aqa(X))

=[] QX)) -a;(x)2
l<i<j=<d
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Clearly we have that X has a repeated eigenvalue if and only if F(X) = 0. Further, F(X) satisfies
the conditions of Corollary 2.4.7. Therefore, F(X) is a polynomial of the entries of X. (Note that,
remarkably, we can draw this conclusion non-constructively from the tools above.)

Now, returning to the setting of the Theorem, we see that G has a repeated singular value if
and only if P(G) = 0, where P(G) := F(GGT). As before, P is non-constant merely because some
matrices do have repeated singular values and some do not. Thus, we may conclude as before by
Lemma 2.4.3 that

P[G has a repeated singular value] = P[P(G) = 0] = 0,

as claimed. 0

Remark 2.4.9. The proof above shows that the set of symmetric matrices with a repeated eigen-
value is an algebraic set in the space R4, which may be identified with R4(4*+1/2 A priori, since
we described this set as {X : F(X) = 0} for a non-zero polynomial F, we only know that its codi-
mension is at least 1 (i.e., the dimension of this set is at most w —1). Actually, its codimension is
exactly 2. For example, the dimension of ngxnf is @ = 3, while the 2 x 2 matrices with a repeated
eigenvalue are merely multiples of the identity, whose dimension is clearly 1 = 3 — 2 (indeed, these
matrices form a line in the space of all symmetric matrices). Note that one polynomial constraint
can in fact encode several, for instance if F(X) = F1(X)? + F2(X)2 = 0, then F;(X) = F>(X) = 0.
As discussed for instance by [BKL18], a more complicated version of this sum-of-squares structure

is indeed what happens in the case of F(X).

We have established that, on an almost sure event, we are justified in speaking of the singular
vectors of a Gaussian random matrix, at least via the rank-one matrices Z;(G) and the projections
to the left and right singular vectors L;(G) and R;(G). We are now ready to study the laws of these
objects.

2.4.2 ORTHOGONAL INVARIANCE FOR MATRICES AND HAAR MEASURES

We will see that orthogonal invariance, as we discussed for vectors earlier, is crucial to understand-
ing these distributions. The appropriate definitions for random matrices are as follows:

Definition 2.4.10 (Orthogonal invariance of matrices). We say that a random matrix X € R4>*™
(or its law Law (X)) is:

- Left-orthogonally invariant if, for each (deterministic) orthogonal matrix Q € O(d), we
have Law(QX) = Law(X).

- Right-orthogonally invariant if, for each (deterministic) orthogonal matrix Q € O(m), we
have Law(X Q) = Law(X).

- Bi-orthogonally invariant if it is both left- and right-orthogonally invariant.
Further, we say that a random symmetric matrix X € R2%4 is symmetric-orthogonally invariant

if Law(QXQT) = Law(X) for each Q € O(d). o

The following property is then simple to check using either explicit mean and covariance calcu-
lations or by using that the rows and columns of an i.i.d. Gaussian random matrix are i.i.d. standard
Gaussian vectors, which are themselves orthogonally invariant.
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Proposition 2.4.11. G ~ N (0, 1)®4>™ ig bi-orthogonally invariant.

Corollary 2.4.12. If G ~ N (0,1)®4*™M then L;(G) and R;(G) are both symmetric-orthogonally
invariant, for each i = 1,..., d. Further, the stronger equalities of law hold that

Law((QLl(G)QT,...,QLd(G)QT)) _ Law((Ll(G),...,Ld(G))) for all Q € O(d),

Law((QRl(G)QT,...,QRd(G)QT)) _ Law((Rl(G),...,Rd(G))) for all Q € O(m).

The following basic linear algebra observation is a useful preliminary to the proof.

Proposition 2.4.13 (Invariance and equivariance of SVD). Let G € R4*™ be a (deterministic)
matrix such that 07 (G) > - - - > 04(G) > 0. Let Q1 € O(d) and Qr € O(m). Then,

0i(QLGQyR) = 0i(G),

Z;(Q1GQR) = Q1L Z(G)Qy,
Li(Q:GQp) =Q.Li(G)Q),
Ri(QLGQR) = QrRi(G) Q-

Proof of Corollary 2.4.12. Let us prove the simpler claim about the individual L;: we have, by com-
bining the above results,

Law(QL;(G)QT) = Law(L;(QG)) (Proposition 2.4.13)
= Law(L;(G)). (Proposition 2.4.11)
The result for the individual R; and the collections of all L; and R; follows similarly. O

Let us comment on the intuition behind what we have derived so far. Consider the L;(G).
Recall that, for u; some choice of the left singular vectors in the SVD (which for G are almost surely
well-defined up to a sign flip), L;(G) = u;u;. As we have discussed, we may identify this rank-
one projection matrix with the line formed by span(u;). Thus the collection (L (G),...,Li(G))
is a collection of d orthogonal lines, i.e., a coordinate system for R4 consisting of d orthogonal
axes, although without a “positive direction” chosen for any of the axes. The above result says
that this object for G ~ N (0,1)®4*™ has an orthogonally invariant distribution. We will next
try to formally explain in what sense this makes (L;(G),..., L;(G)) have the law of the unique
“uniformly random” choice of coordinate system.

To do this, we will show that after all it is possible to give a meaning to the left singular vectors
“u;(G)” (and similarly for the right singular vectors), provided we allow for some further random-
ization.

Definition 2.4.14. Suppose G ~ N (0,1)®4*™ with d < m. Z; = Z;(G) € R¥™M ig (almost

surely) a well-defined rank-one matrix with o;(Z;) = 1. There then exist exactly two pairs of

unit vectors (u'" vlgl)), (u!? ’vl@) such that uﬁ“)viuw = Z;, which are related by uﬁl) = —uiz)
(2)

i i
1) _ (1)

i —UEZ). Let us define further random variables (u;, v;) ~ Unif({(uil) v, '), (uiz),vi )}).

and v ,U;
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These random variables have a well-defined law, and may be viewed as generated randomly
from G along with one more bit of randomness to make the above choice. Finally, we define
associated random matrices

~

U=| w1 --- uyg |e [RdXd, Vi=| v --- v |€ R
| |

The above is just a slightly elaborate way of formalizing that we break the sign ambiguity of u; by
choosing a random sign, and making that choice compatible between u; and v;. It is easy to check
that

d

G=> gi(@®u =US(VT,

i=1
and we may also view the above as choosing a random such SVD of G among the 24 equivalent
ones. At a heuristic level, you may just think of

| | | |
U:i=| zu1(G) - zug(@) |, Vi=| z01(G) --- #v4(Q) |,
| | | |

with the signs chosen to make the above SVD hold.
We will now see how the following fact determines the laws of these matrices.

Proposition 2.4.15. The random matrices U and V are left-orthogonally invariant.

For ﬁ, first note that U € O(d), i.e., this is an orthogonal matrix. The characterization of the law
then follows from the next result.

Theorem 2.4.16 (Haar). There exists a unique probability measure supported on O(d) that is
left- or right-orthogonally invariant, called the Haar measure and which we denote Haar(O(4)).
It is the same as the law of the matrix whose columns are the vectors formed by applying the
Gram-Schmidt orthonormalization procedure to 4 i.i.d. random vectors sampled from either
N (0, 1) or Unif(S4-1),

Corollary 2.4.17. Law(U) = Haar(O(d)).

For V consisting of the right singular vectors, the above cannot quite work verbatim since this
matrix is not square. Indeed, it belongs to a different special set of matrices, which is worth knowing
about in its own right.

Definition 2.4.18 (Stiefel manifold). The Stiefel manifold of dimensions m > d, denoted Stief (m, d),
is the set
Stief(m,d) := {V e R™4: VTV = I},
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or equivalently the set of m X d matrices with orthonormal columns.

This is a very natural geometric structure: it is the set to which the matrix of right singular vectors in
the SVD belongs, but also it has an important relationship to parametrizing the set of d-dimensional
subspaces of R™ (an object called the Grassmannian manifold), since it may be viewed as the set of
all possible orthonormal bases of such subspaces.

One practical way to think of the Stiefel manifold is as the set of matrices that can be extended
to orthogonal matrices in O (m) by adding m — d more columns. Therefore, the following extension
of Theorem 2.4.16 should not be surprising.

Corollary 2.4.19. For any 1 < d < m, there exists a unique probability measure supported
on Stief(m,d) that is left-orthogonally invariant, again called the Haar measure and which
we denote Haar(Stief(m, d)). It is the same as the law of a matrix formed by sampling from
Haar(O(m)) and keeping only the submatrix formed by the first d columns.

Remark 2.4.20. Note that Stief(m,1) = $™ 1, and Haar(Stief(m, 1)) = Unif (5" 1), the uniform
measure we discussed in Chapter 1.

Corollary 2.4.21. Law(V) = Haar(Stief (mm, d)).

We have gotten as close as we might hope to defining “the laws of the singular vectors” of
G: though those singular vectors are not well-defined, we have described well-defined randomized
versions U and V of the matrices formed by those vectors and identified their laws.

2.4.3 CONNECTION TO RANDOM PROJECTIONS

Previously, we raised the issue of the behavior of GTG < [Ri;“%m: this is a matrix of rank d, yet
which “looks like” dI,, from the point of view of a small number of quadratic form evaluations.
Using our findings about the singular values and vectors of G, we may clarify this situation. Let
2 = 3(G) € R34 be the diagonal matrix of singular values. If m > d, then £ ~ /m1I,.
We have G = ﬁZVT, o)
G G=VZVT amVVT,

Since V' € Stief(m,d), VV7T = Py is a projection matrix to the d-dimensional column space

V = col(V). By the left-orthogonal invariance of V, this random d-dimensional subspace has law

invariant under orthogonal transformations. You should think of this law as, in a similar spirit to

the Haar measures above, the unique law of a “uniformly random” d-dimensional subspace of R",
Now, consider a quadratic form: for x € R™,

IGz|? = 2" G" Gz ~ m| Pyz|?.

We may view Py« as first expressing @ in a random coordinate system, and then zeroing out all but
d coordinates of x in this coordinate system. Since in a random coordinate system a should have
entries of roughly the same size, we should expect

d
I Pyax|® ~ %”tz,

30



and thus
IGz|? ~ dllz|?,

compatible with Corollary 1.2.7 applied to Gx.

Thus the geometric mechanism behind the above observation about quadratic forms and the
Johnson-Lindenstrauss transform can be seen as the principle that suitably rescaled random pro-
Jections preserve the norms of deterministic vectors. As we have discussed, while for any given
projection there will exist some vectors that “escape” this behavior and are either very close to or
nearly orthogonal to the range of a random projection, one must fix a very large number of de-
terministic vectors in order to expect to find such a vector with respect to a random projection.
(Indeed, you may reflect on how this is basically the same phenomenon as needing exponentially
many vectors to produce an e-net of S4-1.)

2.5 APPLICATION: COMPRESSED SENSING

We will now see a few applications of the ideas developed so far. The first is to the problem of
compressed sensing, recovering € R™ from y = Gz € R with G € R4*™ (the same dimensions
as before).

For general x € R™, we need G to be injective, which requires d > m. Compressed sensing
concerns making d much smaller, provided we are promised that x is sparse. In this setting, while
we will discuss taking G random, we view ourselves as having control over G (the so-called sensing
matrix) in general, so the sparsity assumption should be seen as in a basis of our choosing. Thus to
take advantage of compressed sensing we should encode any prior knowledge of x in a basis that
makes x sparse. (For example, if x encodes an image, we might choose a wavelet basis.)

2.5.1 NULL SPACE AND RESTRICTED ISOMETRY PROPERTIES

Let us denote sparsity by
lzllo :=#{i € [m]: x; # 0}. (2.5.1)

Note that this “£%-norm” is not actually a norm, because it is not homogeneous in x.

Assuming that ||x||o < k makes the task of recovering x easier. At the extreme, if k = 1, then
y = Gz is just (up to scaling) one of the columns of G. Thus provided the columns of G are well-
separated, it will be easy to recover x. You can show that it is possible to construct exp(Q(d)) unit
vectors in R? that have, say, pairwise inner products of magnitude each at most 1/2, which we may
use as the columns of G (and such a choice will be robust to a small amount of noise). Thus when
k = 1 then we may take d as small as O (log m) while still being able to recover any 1-sparse x.

How does the situation change for larger k? We will show below that it actually does not change
that much.

First, let us specify what we mean by x being “recoverable.” The following definition is not
standard but useful.
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Definition 2.5.1. We say that G distinguishes k-sparse vectors if Gz + G’ for any x + x' with
lzllo, llzllo < k.

If G distinguishes k-sparse vectors, then compressed sensing is information-theoretically possible:
by, say, brute force search over an e-net of sparse vectors followed by a rounding procedure, we
may exactly recover any k-sparse x from y = Gx. We will not go into the computational feasibility
of compressed sensing here, which is a deep area in its own right. You may look up the role of
£'-norm minimization for such algorithms to get started with computational approaches.

The following more linear-algebraic definition is actually equivalent to distinguishing k-sparse
vectors.

Definition 2.5.2 (Null space property). We say that G has the k-null space property (k-NSP) if,
for all  + 0 with ||z|lp < k, Gz + 0.

Proposition 2.5.3. G distinguishes k-sparse vectors if and only if G has the 2k-NSP.

Proof. If G does not distinguish k-sparse vectors, then there exist x + ' with ||x|lo, |2’ o < k such
that Gx = Gz'. In particular, G(x — ') = 0, and ||z — x'|l¢o < 2k, so G does not have the 2k-NSP.
Conversely, if G does distinguish k-sparse vectors and x'” # 0 has ||x"'|l¢ < 2k, then we may write
'’ =x—x forx =z’ and ||zl|o, ||’ ||o < k (by partitioning its at most 2k non-zero indices into two
sets of size at most k). Reversing the above argument then shows that G has the 2k-NSP. O

We will in fact be able to show the following, more quantitative property.

Definition 2.5.4 (Restricted isometry property). We say that G has the (k, o) -restricted isometry
property ((k, 8)-RIP) if, for all = + 0 with ||xz|lo < k,

(1-8)lzl? < IGz)? < (1 + &)zl (2.5.2)
The following implication is immediate.
Proposition 2.5.5. If G has the (k, )-RIP for any 6 < 1, then G has the k-NSP.

The RIP is more useful than the NSP both for analyzing compressed sensing when some noise is
further added to y = Gz, and for analyzing algorithms for recovering x, but here we will just view
it as an analytic tool for establishing the NSP.

2.5.2 RANDOM SENSING MATRICES

The following is the main result that we will show.
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Theorem 2.5.6. Forany 1 <k <m and 6 € (0,1), if

and G ~ N (0,1/d)®4*™M then

k
P[G has the k-NSP] > P[G has the (k,)-RIP] > 1 — <m2) >1-2 <%) . (2.5.3)
k
Note that this scaling of d is consistent with our earlier observation that d = logm was the right
condition for k = 1. Remarkably, the result implies that, while
d=m

is needed for arbitrary x to be recoverable from Gz, for the specific case of k-sparse vectors it
suffices to have only the far smaller

d z klog () (2.5.4)

Proof. For S c [m] with |S| = k and € R™, let S) € R¥ be the restriction of « to the indices in
S. Likewise, for G € R¥*™M let G'S) € R4*k be the restriction of G to the columns whose indices
are in S. If ||z ||o < k and the non-zero indices of x are contained in such S, then

lzll? = 122, (2.5.5)
Gz = Gz, (2.5.6)

We may then view the (k, §)-RIP as requiring that, for all S < [m] with |S| = k and all 'S € Rk,
we have
A=)z < 1Sz )% < (1 +6) 1252, (2.5.7)

But this just amounts to asking that

1-8 < MG 'G®) <A (GY'GY) <1+, (2.5.8)

or again equivalently that
IGS'GS — Il < 6. (2.5.9)

We will then proceed by union bounding,

P[G does not have the (k,5)-RIP] < > P[IG® G — I}|l > §1. (2.5.10)
se("dh

This is almost exactly the kind of deviation that we bounded before in Theorem 2.3.9. First, let’s
decode our statement into that form. Introduce H ~ N (0, 1)®¥*4 the scaling and aspect ratio that
Theorem 2.3.9 addresses. We have Law(GS)) = Law(d~1/2HT). Thus,

P[IGS ' GYS -~ I > 6]1=P [H%HHT - Ik“ > 5]
—P[|[HHT - dI}|| > 5d].
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The only difference between this and what Theorem 2.3.9 covered is that there we were concerned
with deviations of the order O(+kd), while here we are concerned with O(d), which is much larger
since d > k under our assumption. But, we may still apply the intermediate result (2.3.11) from

that proof, which gives
1 . (6°%d% od
=< 2exp (3]( — g min {M, 2})

52
= 2exp <3k — 32(1) , (2.5.11)

using that § < 1 so 62/4 = (8/2)? < §/2. Returning to the union bound, we first recall the non-
asymptotic bounds on binomial coefficients

(8) = ()= ()
k) “\k) \k ’
which we will use twice below. We may bound the terms in the union bound uniformly as

2
P[G does not have the (k, )-RIP] < <17:) - 2exp <3k - ;251)

—k
em
<2(—
= ( k )
< 2 (2.5.12)
m
¢)
completing the proof. The alternate form of the bound follows from the lower bound on binomial
coefficients above. O

2.6 APPLICATION: NEURAL NETWORK INITIALIZATION

2.6.1 GENERAL SETUP

We next give a quite different application to the training of neural network machine learning models.
While this is a toy example, as we will mention below the result of our derivation is actually exactly
what is used in some real model-training software.

A neural network forms a sequence of representations of its input by composing linear maps
with nonlinear functions. In the simplest form without any constraints, this is a function f : R%n —
Rout of the form

f@) =p(Wr(p(Wr_1---p(Wix))))
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for a sequence of rectangular matrices W; € R"™1>din W, e RM2>xm1 W, € Routxmi-1 for some
intermediate dimensions my,...,my_1. Here p : R — R is some nonlinear function, which is applied
coordinatewise to vectors. A common choice that we focus on here is the rectified linear unit (ReLU),

p(x) = max{0,x}.

This kind of structure, with no constraints on the W, is called a multilayer perceptron (MLP). The
function f is parametrized by the W;, which we may emphasize by writing 8 = (W71,..., W;) and
writing f(x) = f(x;0).

In training of such a network, we are given a dataset (x1,¥y1),..., (@m, yp) of pairs of inputs and
outputs, and wish to find € such that f(x;;0) ~ y;. To do this, we define a loss function, a common
choice being the £ loss,

M
LO) =D If(xzi;0) —yill°.
i-1

We then attempt to minimize this over 8 by some form of local optimization such as gradient
descent, stochastic gradient descent, and so forth. This yields a sequence of iterates 89,8 ...,
starting from some initialization 8©) that we choose at the beginning.

There are many interesting questions about what happens during neural network training, why
and when it works well, and how best to configure it. We will return to some others later, but for
now we focus on the basic matter of how to choose the initialization 8(?).

2.6.2 INITIALIZATION AND LOCAL ANALYSIS

Often the initial weight matrices are chosen to have i.i.d. Gaussian (or some other entry distribution)
entries of various scales, (W;)ap ~ N (0, O'l-z). This reduces our question to that of how to choose
the O'iz. Let us consider a single nonlinear layer f(x) = p(Wx) for x € R4, W e R™*4 and
therefore f(x) € R™, but bearing in mind that we plan to compose several such layers. (Here
the rows of W correspond to outputs, so the matrix dimensions are reversed from our earlier
convention for rectangular matrices G.) We then have just one parameter o2 to choose to set
W ~ N(O,O‘Z)®m><d.
What is it that we want this choice of o2 to achieve? The following two criteria are reasonable:

1. First, we want the layer to roughly preserve norms, || f(x)||? = ||z||2. If this fails, then compos-
ing many layers will either shrink of blow up the scale of the data, which may lead to issues
with numerical stability at the beginning of gradient descent (among other issues).

2. Second, we want the layer to distinguish different points, mapping far apart «; and x; to far
apart f(x1) and f(x2). If this fails, then we will “forget” some differences in the input data,
and this will be impossible to undo by composing with further layers. If, say, we eventually
want to solve a classification problem, then we risk “collapsing” two or more classes together
in a way that they cannot be distinguished.

Let us focus on the first layer, where the second concern is most significant. In light of it,
we should certainly choose m > d, or else we risk losing lots of information present in the data.
(Choosing a very large m is also an instance of overparametrization of our model, which has many
other effects and is an important aspect of most effective neural network architectures.)

Because f(x) is nonlinear, these questions are tricky (though sometimes still possible) to ad-
dress directly and globally. Instead, we consider a local version of the same question: we fix some
x € R% and consider small perturbations. Since f is differentiable almost everywhere, we have

fl@+h)~ f(x)+ (Jf)(@)h,
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where (Jf)(x) € R™*4 is the Jacobian matrix,

TF) (@) = gflj(:c).

A natural condition on the Jacobian that will achieve the above criteria is if it acts as an approxi-
mately isometric embedding, i.e., if its d singular values are all close to 1 with high probability for
a given fixed x.

2.6.3 JACOBIAN CALCULATIONS AND KAIMING INITIALIZATION

Fix a deterministic input € R4 \ {0}. Write w/ for row a of W, and let
bg = 1{{wg,x) > 0}.

Each (wg,, ) is a non-degenerate Gaussian random variable, so almost surely all of them are non-
zero. On this event, f is differentiable at a, with Jacobian

(Jf)(x) =2 J(x) = D W,
D, := Diag(b1,...,bm).

Thus, the derivative keeps the rows corresponding to positive outputs and replaces the other rows
by zero. We call those positive outputs active.
For all sufficiently small h, none of these signs changes, and we actually have exactly

flx+h)=f(x)+ J(x)h.
The singular values therefore bound the change in the output by
og(J@) k|l < f(x+h) - f(x)| <o (J(@)|h], (2.6.1)

justifying the previous claims in case o1 (J(x)), 04(J(x)) = 1.

To move towards analyzing this matrix, let B := >, b, be the number of active outputs.
The variables b, are independent with law Ber(1/2), so B ~ Bin(m, 1/2). There is a dependence to
handle carefully: a row of W is kept precisely when its inner product with « is positive. Conditional
on being kept, that row is constrained to a half-space. However, the singular values depend on the
row only through its outer product, which has a useful symmetry.

Proposition 2.6.1. Conditional on B = k, the matrix J ()T J (z) has the same law as c2H ™ H,
where H ~ N (0,1)®%*4_For k = 0, the latter matrix is understood to be zero.

Proof. Write w, = 0ga, so the g, are independent standard Gaussian vectors in R%. For one such
vector g, the transformation g — —g preserves its law and the outer product gg, while reversing
the sign of (g, x). Thus, for any measurable set A of symmetric matrices,

Plgg’ € A, (g,z) > 0] =P[gg’ € A, (g,z) < 0]
= JPlgg” € A]
=P[(g,x) > 0] - P[gg" € Al
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This proves that sgn((g, x)) is independent of gg'. Independence of the rows then shows that the
collection (gag, )%, is independent of the entire vector (by)/ ;. Since

J(@)"J(z) = 0? Z bagads,
a=1
conditioning on any set of k active rows gives a sum of k independent outer products of standard
Gaussian vectors. This law depends only on k, which proves the claim. O

The Jacobian nonlinear layer has therefore led us back to a rectangular Gaussian matrix H, but
now with a random number of rows B. Since B is usually close to m /2, the bounds from earlier in
this chapter suggest that all singular values of J(x) should be close to oy/m/2 in relative terms
when m is much larger than d. We also obtain the exact identity

2
E[J(x)"J(z)] = o2E[B]I,; = 77

1. (2.6.2)

Thus, the correct choice, most immediately the choice that preserves the squared length of every
fixed perturbation in expectation, is

We will now show that sufficiently large m indeed makes this apply.

Theorem 2.6.2. There is a constant C > 0 such that the following holds. Let o2 = 2/m,
€,0 € (0,1), fix x € R4\ {0}, and suppose

C 1
m = ?(d+|0gg>
Then, with probability at least 1 — 6,

T (z)TJ(z) - I| <e. (2.6.3)

Proof. By Hoeffding’s lemma (Lemma 1.1.5), each b; — 1/2 is 1/4-subgaussian. Lemma 1.1.3 there-

fore gives
€em
B-— <2 -—— .
[‘ ’ ] =cee ( 8 )

On the complementary event, m/4 < B < m and |2B/m — 1| < €/2. Taking C large enough ensures
m > 4d, so B > d on this event.

Since o2 = 2/m, Proposition 2.6.1 says that, conditional on B = k, the matrix J(x)TJ(x) has
the same law as (2/m)H " H, where H is a k x d standard Gaussian matrix. For every integer
k € [m/4, m], applying (2.3.11) to H" with t = em/4 gives

€em

P|:HJ(£)TJ($) *IdH Z‘B k}<2exp(3d—5212>.

Here we used t2/(4k) > €°m/64 and t/2 > €?m/64, since k < m and € < 1. When both bounds
hold, the triangle inequality gives

IA

1T (@) J () — I| anﬁJ() I“ 4——1'

€,.€_
2 2

IA
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The probability of failure is at most 2 exp(—€2m/8) + 2 exp(3d —€2m/512), which is at most § under
the assumed lower bound on m, for a sufficiently large constant C. O

The calculation gives two distinct roles to width m and variance o2. Large width makes the
singular values close together, while choosing the “right” variance o2 = 2/m places the singular
values near 1. We note that the condition that the width be large is important: if, say, m = d, then
the typical rank of J(x) is about d/2, and thus o;(J(x)) = 0 usually. Working in an asymptotic
regime of large width is a common assumption in the neural network literature and leads to many
such limiting simplifications.

Theorem 2.6.2 concerns one fixed input at initialization, with simultaneous control over all
perturbation directions at that input. A random input independent of the weights is also allowed,
by conditioning on it, provided it is non-zero almost surely. Uniform control over inputs, or control
after training changes the weights, requires further, considerably more complicated arguments. The
broader question of making Jacobian singular values close to 1 is studied under the name dynamical
isometry. See, for example, [PSG17].

The choice 02 = 2/m is called the fan-out version of the He or Kaiming initialization," as derived
in [HZRS15, Section 2.2]. Precisely this normalization is used in actual implementations in various
utilities in PyTorch and other neural network libraries.?

Remark 2.6.3 (Another criterion for the variance). Symmetry of the Gaussian distribution also gives
E[ll f(2)]I?°] = (mo?/2)|lx||°. Thus our choice o2 = 2/m preserves the total squared length of the
input in expectation. One could instead ask to preserve the average squared coordinate, meaning
E[ll f(x)[|?]1/m = ||=||?/d. This criterion gives o2 = 2/d, the fan-in version of the Kaiming initializa-
tion. For a wide layer, the theorem then places the singular values near vm/d, and in particular the
norm itself can be dramatically inflated over several such layers. The choice of variance therefore
depends on which quantity we want to preserve.

IThe last and first names of the first author of the reference.
2See, e.g., and
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https://docs.pytorch.org/docs/2.8/nn.init.html#torch.nn.init.kaiming_normal_
https://docs.pytorch.org/vision/stable/_modules/torchvision/models/resnet.html
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