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Widely studied random graph G ~ G(n, p,q,k) on [n]:

1. Choose S c [n] with |S| = k uniformly at random.
2. Set i ~ j independently with probability

q>p ifi,jes
p otherwise )’

Natural family of scalings: g = n=%, k = nf, p = n=> for
o, B,y € (0,1) (“log-density” setting).

Statistical questions:

e Detection: Test G ~ G(n,p,q,0) vs. G ~ G(n,p,q,k)?
¢ Recovery: When G ~ G(n, p, q, k), recover S?
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E [fn(G)] - B [faG)]
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> Var  [fu(G)] + Var  [fu(G)].

G~G(n,p,q,k) G~G(n,p,q,0)

Recovery: find estimators S: {graphs} — <[z]) with

ISAS(G)| [ 1-Q(1)
(8,6)~G(n,p,a,k) k o(1)
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Main Phenomena

¢ Statistical-computational gap: For some parameter
choices, detection and/or recovery are possible but
(conjecturally) computationally hard.

For example, sometimes can detect by brute-force
computation of likelihood ratio in time ~ nk = n".

¢ Detection-recovery gap: For some parameter choices,
detection is easy while recovery is hard or impossible.

For example, sometimes can detect subgraph merely
by , but this alone does not help
to recover S.



Question: What is the analog of this story
over directed graphs?
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Planted Ranked Subgraph

Generate oriented directed graph (without O ):

1. Sample S < [n] with |S| = k uniformly at random.
2. Sample 1T permutation of S uniformly at random.
3. If i,j € S and (i) < 11(j), then set

i—j  with probability (5 +4)p
ij with probability (% — q> p r;

no edge with probability 1 — p
otherwise, set

i—j with probability % 1%
i—j with probability % 1%
no edge with probability 1 — p






Related Models

Some literature considers full hidden permutations or
rankings, i.e., the case k = n. Common settings:



Related Models

Some literature considers full hidden permutations or
rankings, i.e., the case k = n. Common settings:

¢ Bradley- Terry-Luce (BTL): Observe i > j with
probability -~ for a hidden “preference vector”
(X1ye.0yXn) e [R . Often studied in terms of query
CompleX1ty of learmng preferences.



Related Models

Some literature considers full hidden permutations or
rankings, i.e., the case k = n. Common settings:

¢ Bradley- Terry-Luce (BTL): Observe i > j with
probability -~ for a hidden “preference vector”
(X1ye.0yXn) e [R . Often studied in terms of query
CompleX1ty of learmng preferences.

¢ Noisy sorting: Closer to our model—simultaneously
observe all pairwise comparisons (k =nand p = 1)
once, each correct with probability % +q.



Related Models

Some literature considers full hidden permutations or
rankings, i.e., the case k = n. Common settings:

¢ Bradley- Terry-Luce (BTL): Observe i > j with
probability -~ for a hidden “preference vector”
(X1ye.0yXn) e [R . Often studied in terms of query
CompleX1ty of learmng preferences.

¢ Noisy sorting: Closer to our model—simultaneously
observe all pairwise comparisons (k =nand p = 1)
once, each correct with probability % +q.

Key difference: possibility of community structure, i.e., of
having k < n.
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The same main phenomena still happen
when the community
structure is carried entirely by the edge
direction rather than edge density.
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Algebraic Encoding

Standard perspective for graph setting: encode G into
{0, 1}-valued adjacency matrix ¥ = Y ',

Vi e +1 ifi~j
s 0 ifitjori=j |

For oriented directed graph G, natural to encode into
{0,+1,-1}-valued Y = -Y ',

+1 ifi—j
Yiji=1 -1 ifiej
0 ifnoedgeori=j

Problems may then be viewed over {0, +1, =1} 13 -
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Lower Bound Idea (Briefly)

Form of hardness results: no sequence of polynomials of
low degree < (logn)!*¢ can achieve detection or
recovery (of indicator of support S).

Analysis follows standard toolkit using orthogonal
polynomials.

Mild complications: orthogonal polynomials must be taken
over null model, “oriented directed Erd6s-Rényi graph,”
whose entries are sparse Rademacher:

+1 with probability %10
—1 with probability %}9
0 with probability 1 — p
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Algorithmic Idea 1: Directed PCA

For planted dense subgraph and clique, powerful
algorithmic idea is to use the top eigenvalue/vector of Y.

To deal with antisymmetric Y = —Y ', consider

~

Y :=1Y.

Y is Hermitian and behaves like C-valued spiked matrix
model. More complicated “signal part,” looking like:

0 +i --- +i

. 0 e 4i
E[Y | S, ] = _ _ _ , rank = k ~ n®
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Algorithmic Idea 2: Win Counts

For planted dense subgraph and clique, simple but
sometimes optimal idea is to count all edges

We have calibrated edge count to not carry information, but
can consider win counts of vertices:

Wii= > Y;; = #{wins} — #{losses}.
Jj#i

For detection, thresholding the sample variance of
Wy, ..., W, achieves the optimal threshold. Using a spectral
algorithm for detection is sometimes suboptimal!

For recovery, when k = n, then ranking by wins (i.e., by the
Wi scores) achieves the optimal threshold.



Future directions: What does your
favorite graph problem
or model
look like over
directed graphs?



Thank you!



